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Abstract. We introduce a notion of generalized Triebel-Lizorkin spaces associated with 
sectorial operators in Banach function spaces. Our approach is based on holomorphic func- 
tional calculus techniques. Using the concept of 7?.s-sectorial operators, which in turn is based 
on the notion of T^s-bounded sets of operators introduced by Lutz Weis, we obtain a neat 
theory including equivalence of various norms and a precise description of real and complex 
interpolation spaces. Another main result of this article is that an 7?,s-sectorial operator al- 
ways has a bounded ff ""-functional calculus in its associated generalized Triebel-Lizorkin 
spaces. 
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1. Introduction 

The theory of function spaces is a wide and important topic and has applications in various 
fields of analysis, for example in regularity theory for partial differential equations, cf. e.g. |41| . 
[1]. It is well known that many classical function spaces as Sobolev spaces, Bessel-potential 
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spaces or Holder- Zygmund spaces, can be subsumed in the general notion of Besov and Triebel- 
Lizorkin spaces, cf. e.g. |43) . |44| . The most common definition of these spaces is based on the 
Fourier transform and a dyadic decomposition of the Fourier image. From an operator theoretic 
point of view, these spaces are closely related to the Laplace operator. In fact, Besov spaces are 
real interpolation spaces of the domains of powers of the Laplacian. For a sectorial operator A 
with domain D(A) in a Banach space X, an equivalent norm for the real interpolation space 
{X,D{A))Q g {6 G (0,1), s G [1,cxd]) is given using functional calculus as 



(with the usual modification if s = oo), where ^ is a suitable bounded holomorphic func- 
tion. This goes back to Komatsu, cf. |28j, and a comprehensive treatment is given in [23j. 

The norm in (classical) Triebel-Lizorkin spaces can be rewritten in a similar way as 



where X = LP(M"), ^ = -A and p G [1,oo),s G [l,oo\,9 G (0,1), if e.g. Lp{z) = ze"^, cf. I42j. 



The norm expression in (jl.2p still makes sense for a general sectorial operator in a Banach 
function space X, and it seems reasonable to use (II. 2p to define generalized Triebel-Lizorkin 
spaces for a general sectorial operator A. This is what we shall do in this paper. 

For Schrodinger operators H = —/S. + V with certain potentials V ^ generalized Triebel-Lizorkin 
spaces have been studied e.g. in [37], |47] , via an approach that is much closer to the usual 
definition. The two (closely interrelated) main differences to the present approach are: 

• the operator H is self-adjoint in L^(M") whereas we allow for general sectorial operators 
^ in a Banach function space, 

• the functional calculus of the spectral theorem for H is used, which contains functions 
with compact support, whereas we resort to the holomorphic functional calculus for 
sectorial operators and thus have to use holomorphic functions ip in (jl.2p . 

Another issue is that the usual Littlewood-Paley-like definition of Besov- and Triebel-Lizorkin 
spaces (and also |37] . [47] ) uses discrete dyadic sums rather than continuous integral expres- 
sions like (jl.ip . ()1.2p . For ^{z) = ze~^, discrete dyadic analogs of (|l.ip can be extracted 
from [41| (based on the notion of quasi-linearizable interpolation couples and properties of the 
ET- functional) . In the context of ff°°-calculus, there is no general study of such expressions. 
We address the question of discrete analogs of (|1.2p in Subsection 3.3. It turns out that one 
has to be much more careful in the choice of ip. The condition we give below is certainly a 
bit technical in nature. On the other hand, our study also yields new discrete analogs for 
expressions (jl.ip , cf . Remarks I3.16| 14.61 

Let us mention right away that the case s = 2 is special. Much more is known and much 
more can be proved. This is, on the one hand, due to the ubiquity of square function expres- 
sions in harmonic analysis, which were also among the first topics studied in the theory of 
i7°°-functional calculus, cf. e.g. the fundamental paper [36] for the Hilbert space case (where 
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(1.2) 




actually the expressions (jl.ip and (|1.2p coincide) and |10| . where more generally X = is 
covered. On the other hand, Khintchine's inequality allows to rephrase square function expres- 
sions in terms of random sums involving Rademacher or Gaussian sequences. These, however, 
make sense in arbitrary Banach spaces X, and the relations to //""-functional calculus have 
been established in |27| . |24| . |26) . Moreover, in [26], |40j . |24j . interpolation methods have 
been introduced (based on Rademacher and Gaussian random sums) that can be used to 
define intermediate spaces between X and the domain D{A) of a sectorial operator A. For 
X = LP{W^), 1 < p < oo, and ^ = — A these intermediate spaces are the Bessel potential 
spaces. The main new feature in the present paper thus is the study of the case s ^ 2. In order 
to give a meaning to ()1.2p we cannot work in a general Banach space X and restrict to Banach 
function spaces. Moreover, there is no interpolation method behind (even if X is a Banach 
function space, the domain D(A) of a sectorial operator A in X is not a Banach function 
space, in general). Nevertheless, we shall use expressions like (|1.2p to establish a theory of 
s -intermediate spaces between X and D{A) which, for X = LP(M"), 1 < p < oo, and A = —A 
coincide with classical Triebel-Lizorkin spaces i^^j,(M"). 

Let us now be a bit more specific about the content of the present paper. As in the study 
of Besov- and Triebel-Lizorkin spaces, a central issue in handling the norms (jl.ip . (|1.2p is 
that they are independent of the special choice of (suitable) auxiliary functions ip. For Besov- 
spaces (or in the general case real interpolation spaces) this can be ensured by sectoriality of 
the operator A. In the case of the generalized Triebel-Lizorkin norms (|1.2p . things are more 
subtle, since we need in addition control of the norm of the pointwise expressions in ()1.2p . For 
this we introduce the concept of 7^<j-sectorial operators, based on the notion of T^^-boundedness 
of operators introduced in |45| : If X is a Banach function space, a set T C L{X) is called 
TZg-bounded if there is a constant C > such that for all n E N, T G T" and x G X" we have 
an estimate 



l/s 



l/s 



^ (1.3) 



X 

j=i j=i 
(with the usual modification if s = oo). An operator A in X is called IZg-sectorial if there is an 
open sector S C C such that {zR{z, j4) | z E S} is T^s-bounded. In Subsection 13 . 21 we will show 
that in this case the s-power function norm expressions in (|1.2p are equivalent for a certain 
class of auxiliary functions ip using arguments from [33j. This is the central technical tool to 
deal with these norms. Of course, estimates like (|1.3p have been studied before in classical 
harmonic analysis where they appear in the context of vector-valued extensions of singular 
integral operators (cf. below). 

Using these concepts, we can use (|1.2p to define generalized Triebel-Lizorkin spaces for IZg- 
sectorial operators and conclude that these spaces are reasonable intermediate spaces. In 
particular, they are well-behaved under real and complex interpolation. Another main result 
of this work is that the operator A always has a bounded //°°-calculus in its associated gen- 
eralized Triebel-Lizorkin spaces. 

In [31] we have shown that large classes of differential operators have an T^g-bounded 
calculus, i.e. the set {f{A)\f G ff°^(S), ||/||oo,s < 1} is T^^-bounded for some open sector 
S C C. In particular, these operators are T^^-sectorial. Therefore, the theory of generalized 
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Triebel-Lizorkin spaces developed in the present article can be applied to those operators. 
Moreover, in |30) we shall show that, for several classes of elliptic differential operators, gen- 
eralized Triebel-Lizorkin spaces coincide with classical Triebel-Lizorkin spaces. On the one 
hand, this gives new representations of the spaces F^^, on the other hand, by the result men- 
tioned above this means that these operators have a bounded i?°°-calculus in the (classical) 
Triebel-Lizorkin spaces Fp^. 

This paper is organized as follows: We start with some preliminaries in Section [2j Beside 
standard facts about Banach function spaces and the ff°°-calculus for sectorial operators, 
we give a detailed exposure of the concept of T^s-boundedness in Banach function spaces in 
Subsection 12.31 The explicit notion of T^^-boundedness in L^-spaces was introduced by Lutz 
Weis in [45j, and it has been used e.g. in [45j, [5j to deduce 7^-boundedness of semigroups of 
operators and hence maximal regularity of the related Cauchy problem. Based on this concept 
we study the notion of T^^-sectorial operators and T^^-bounded ff°°-calculus in Section [3j 
In Subsection 13.21 we show the equivalence of (continuous) s-power function norms (|1.2p for 
certain auxiliary functions (/?, and in Subsection 13.31 we study in detail discrete counterparts 
of ([L2]) of the form 

||x|U + ||(j]|2-^'V(2^'^)^r)'^'||^, (1.4) 

jez 

and show that also these norms are equivalent to ()1.2p , where one has to impose more restric- 
tions on the auxiliary function ip. This will also lead to new results for discrete counterparts 
of the norms (jl.ip for real interpolation spaces. 

In Section |4] we turn to the central topic of this paper. We start with the definition of the 
associated homogeneous and inhomogeneous s -intermediate spaces which we will 

also refer to as generalized Triebel-Lizorkin spaces. This will be justified in Proposition 14.131 
where we show that the s-intermediate spaces for the Laplace operator A = —A coincide with 
the classical Triebel-Lizorkin spaces. After the definition and some elementary properties in 
Subsection 14. 1 1 we will show in Subsection 14 . 2 1 that the s-intermediate spaces are indeed inter- 
mediate spaces for the interpolation couple {X, D{A"^)), and we will explore real and complex 
interpolation of these spaces. In the last Subsection 14. 31 we will present one of the main results 
of this work and show that the "part" of A (which has to be defined properly) always has a 
bounded ff°°-calculus in its scale of homogeneous s-intermediate spaces ^^,9 G R. In the 
case that A is invertible or that A has a bounded i/°°-calculus in X, it also has a bounded 
i7°°-calculus in the inhomogeneous spaces X^ ^ ii 9 > 0. We thus establish an analog of Dore's 
Theorem that states that an invertible sectorial operator ^ in a Banach space X has a bounded 
i7°°-calculus in the scale of real interpolation spaces (X, D(A))g^p for p € [1, oo], 9 S (0, 1), cf. 
[13], dH. The case s = 2 is known in principle ([33], [S], [26], [21], [22]), but the case s / 2 
is entirely new. We shall give applications of this result in 



It is a reasonable claim that the generalized Triebel-Lizorkin spaces introduced in this paper 
coincide with the corresponding spaces for Schrodinger operators H = — A + ^ defined in 
|37] . |47] . but we will not elaborate on this topic in this paper. A few thougts are given in the 
concluding remarks in Section [5j 
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2. Preliminaries 



2.1. The //°°-calculus for sectorial operators. We shall be brief and refer to the standard 
literature, e.g. |23| or |32) . for details. A linear operator A : X ^ D(A) — )■ X, where X is a 
complex Banach space, is called a sectorial operator of type uo € [0, vr) if the spectrum <j{A) 
is contained in the sector Ti^, where Sq- := {z G C\( — cx3,0] | | arg(z)| < o"} if o" G (0,'7r] and 
So := (0, oo), and sup^^^^ A)\\ < oo for all a £ {uj, vr). The infimum U}{A) over all such 

CO G (0,7r/2) is called the type of A. In this article, we will additionally always assume that A 
is injective with dense domain and range (Observe that, by the sectoriality condition, density 
of R{A) already implies that A is injective, and if X is reflexive, then D{A) is always dense). 

For / : So- — > C let ||/||oo,(t := sup^gs^ where we sometimes drop the index a in 

notation if there is no risk of confusion. We introduce the algebra H°^{T,^) := {/ : S^- — )• C | / 
analytic, ||/||oo,(t < oo} of bounded analytic functions on the sector S^- and the subalgebra 
i7Q°(S(j) consisting of those / G H°^{T,a-) for which there exists an e > with sup^g^^ ((kl^ V 
kr^)l/(-^)l) < oo- Let UJ G {u{A),a) and define the path of integration T^{t) := |t|e- '^g'^W*'^ 
for alH G M, then 

(f ^ (p(A) := — I <f(X)R(X,A)dX (2.1) 

defines an algebra homomorphism i?^(So-) L[X) that is independent of a; G {u]{A),a) 
and only depends on the germ of (p on S^(^). By a standard extension procedure we obtain 
a functional calculus for all / G H^(Tiu) and even for a larger class of holomorphic func- 
tions: Let p{\) := A(l + A)-2,A ^ (-oo,0) and <B(S<,) := {/ : S^ ^ C | z ^ p{z)'^f{z) G 
H^{T.„) for some m G N}, then it is easy to check that p^{A) = p(A)'" = A^il + A)-"^"^, and 
p{A) is an injective operator. Let / G 5S(S(j) and choose m G N such that p™/ G -ff^(So-), then 
the operator {p"^ f){A) G L{X) is weh defined and we can define f{A) := {p{A))-"'{p"'f){A). 
It can be shown that the definition of f{A) is independent of m G N such that p'^f G //^(S^), 
and that / i— > f{A) is an (abstract) functional calculus for A in the sense of [23\, Chapter 1.3. 

Let a G {u}{A),tt], then A is said to have a bounded H°°{Ti„)- calculus if 

M^iA) := sup{|!/(A)|| j / G F-(S.), II/IU,. < 1} < oo. 

In this case, iOH°^{A) := infjcr G {uj{A),7r] \ M^{A) < oo} is called the H°°-type of A, and we 
will also just say that A has a bounded //°°-calculus. 

It is an easy consequence of the so-called convergence lemma and the closed graph theorem, 
that A has a bounded ff°°(S(j)-calculus if and only if there is a C > such that 

y{A)\\ < C II99II00,. for all ip G H^iJ:^), 

and in this case M^{A) < C, cf. e.g. [32], Remark 9.11 and [23j, Proposition 5.3.4. 

As a special class of analytic functions / that still yield a nice representation formula and 
ensure that f{A) is bounded we introduce the extended Dunford-Riesz class, which is defined 

by f(S,) := H^iJ:^) e (i+lt)^ ® (IsJc and £^ := U<,'>^f(S.') for all oj G [0,7r). Then 
£^(So-) is the algebra of bounded analytic functions on Sq- that have finite polynomial limits 
in and 00. Here we say that / has a finite polynomial limit in 0, if there is an a G C and 
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a > such that f(z) — a = 0(|2;|°) as z — > 0, and a finite polynomial limit in cxd, if the latter 
is true for f{z^^). In this case, the values /(0),/(oo) G C are well defined. Moreover, by the 
mean value theorem, bounded holomorphic functions on Sq- that are decaying to at and 
oo, or that are holomorphic in a neighborhood of and oo, respectively, belong to the class 
S{T,fj). For / € £'(So-) let ip := f — ^^^j^-^l^'^ — /(oo) Is^ be the corresponding if^-function, 
then it is easily checked that 

f{A) = ip{A) + (/(O) - /(oo)) (1 + A)-^ + /(oo) idx . 

For details we refer to [23j . Section 2.2. 

2.2. Banach function spaces. For this subsection we refer to the standard references [3] 
Chapter 1 and [46j Chapter 15. Let {Vt, //) be a c-finite measure space. We fix a fj,-localizing 
sequence ($7^) 

jjgN) i'S. an increasing sequence of /i- measurable subsets such that /i(r2ji) ^ oo 
for all n G N and IJnGN = f^. A /Li-measurable subset M C Q will be called {^ri)n&i-bounded 
if M C ri„ for some n G N. We will use the terminology that a property for a /x-measurable 
function / on holds {Vtn)nen 'locally if it holds for /|j\/ for all (r2„)„gpj-bounded sets M. In 
particular we introduce the following notation: 

If /„ : ^ K, n G No are /i-measurable, we say that /„ — )• /o converges [Vtn)n&n -locally 
in measure for n — )• oo if /n|M /o|a/ in measure for n ^ oo for all (ri„)„gN-bounded 
sets M. We denote by M*(r2,/u) := M*{fi) the class of /i-measurable extended scalar- valued 
functions on 0, by M{Q,fi) := M(/i) the space of //-measurable scalar-valued functions on 
ri, endowed with the topology of (il„)„gN-local convergence in measure, and by M^{Q,fi) : = 
M+{fi) the cone of /X- measurable functions on $7 with values in [0, oo], where as usual we 
identify functions which are pointwise equal outside a /i-nullset. Moreover we define the spaces 
Lj^^{i},lj.) := {/ G M{ii) I /|m G L^{M) for ah (r2„)„gi!^-bounded sets M} of locally integrable 
functions, endowed with the topology of convergence on (il„)„gN-bounded sets. Finally let 
S{il.,fi) := {/ G M{p,) I /(ri) is finite and supp(/) is (il„)„gr^-bounded} be the space of step 
functions with bounded support. In general, all these spaces depend on the special choice 
of the underlying /i-localizing sequence {^n)n&i- Nevertheless we will suppress the explicit 
notation of the sequence {^n)n&n in the sequel but keep it in mind. 

Definition 2.1. A map p : M^{p) —?■ [0, oo] is called a Banach function norm, if for all 
f^g^fn G M~^{p){n G N),a > and M C /i-measurable the following properties hold: 

(Bl) p{f) = / = p-a.e. , p{af) = ap{f) and p{f + g) < p{f) + p{g) {norm 

properties), 

(B2) < g < f /i-a.e. => p{g) < p{f) (monotonicity) , 
(B3) < /„ / /i-a.e. p(/„) ^ p{f ) {Fatou property), 
(B4) M bounded =^ p{1m) < oo, 

(B5) M bounded =^ Jj^j f dp < CMp{f), where Cm > is a constant independent of /. 

In this case, X := X{p) := {/ | / G M*{p), p{\f\) < oo}, endowed with the norm / i— )• ||/||x : = 
p{\f\), is called a Banach function space. 

By (B5) we have X{p) ^ Lj^^{Q,,p), and (B3) implies that appropriate versions of the classi- 
cal Fatou Lemma and monotone convergence theorem hold in X, for a detailed exposition cf. 
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[3], Chapter 1.1. 



Standard examples for Banach function spaces are L^-spaces, Lorentz spaces and Orlicz spaces. 
Observe that our definition of a Banach function spaces is a httle more general than the one 
given in [3] since conditions (B4), (B5) are only required to hold on (r2„)„gp^-bounded sets 
in the sense as discussed at the beginning. Hence, our notion of Banach function spaces also 
covers mixed spaces I/'L'^. In [3] conditions (B4), (B5) are formulated for the collections of 
all /i-measurable sets M of finite measure. Nevertheless, the proofs given in [3] also work in 
our situation, hence we will usually cite [3] as our standard reference. In |46| a more general 
notion of Banach function spaces, which are called Kothe spaces there, are considered. 

For a Banach function space X we have S{il.,fi) ^ X ^ M[^), where the second inclusion 
is continuous ([3], Theorem 1.4). This implies e.g. that each convergent sequence / € 
contains a subsequence that converges ^-a.e., cf. |3], Theorem 1.1.7 (vi). One can also show 
that X is a complete lattice, to be more precise: 

Proposition 2.2. Let X he a Banach function space. Then X is a complete sub-lattice of 
M*(fj,), and to every F Q X there is a countable subset Fq & F such that supF = supFo. 

This can be proven in the same manner as in the case X = L^, cf. e.g. [15j Cor. IV. 11. 7. 

We will usually also need the following additional property: 

(B6) If / € X and {Mn)nef^ is a decreasing sequence of /i-measurable sets with 
yU-a.e., then ||/ Ijv/^ ||x for n ^ oo (absolute continuity). 

A Banach function space that fulfills (B1)-(B6) will be called a Banach function space with 
absolute continuous norm. Observe that (B6) implies that the space of step functions S{i}, n) 
is dense in X, cf. e.g. [3], Theorem 1.3.11., and (B6) is equivalent to the a -order- continuity of 
the lattice X as well as to the validity of Lebesgue's theorem, compare [3j Prop. 3.5, 3.6. 

If ii^ 7^ {0} is a Banach space, we define the E'-valued extension of the function space X as 
X{E) := {F € M{VL,E) \ \F\e G X}, where \F\e := \\F{-)\\e. Letting \\F\\x(e) ■= II \F\e \\x 
makes X[E) a Banach space (cf. |6j). If in addition X has absolute continuous norm, then the 
space of step functions S{Vt, fi) is dense in X, hence X E is dense in X{E) in this case. 

Observe that the construction of the space X(E) works for real and complex Banach spaces 
E and thus makes X{E) to a real or complex Banach space, respectively. In particular, the 
space ^(C) is well-defined and will be called a complex Banach function space. In the sequel 
we will also just write X for a complex Banach function space having in mind that X = X{C) 
for some (real) Banach function space X . In this case, properties as (B6) for X are always 
understood as X having this property, and X(E) denotes the space X{E) for any Banach 
space E. 

We note the following proposition for X{E)-valued integrable functions, which is well known 
if X = LP{Q,^), cf. [15j, Chapter III. 11. Since X locally embeds into the proof given there 
easily carries over to the more general situation considered here, : 



7 



Proposition 2.3. Assume that X has absolute continuous norm. Let {J,v) he a a-finite 
measure-space and F : J ^ ^i^) he an integrahle function. Then there exists a ^ im- 
measurable function f : J x 0, E such that: 

(1) f{t, •) is a representative of F{t) for u-a.e. t & J, 

(2) f{-,u)) is integrable for fi-a.e. oo 

(3) the mapping 00 i— )• jjf{t^i.o)dv{t) is a representative of jj F{t) du{t). 

□ 

In the situation of Proposition 12.31 we obtain in particular 

/ F{t)dv{t) < [ \f{t,-)\Ediy{t)= [ \F{t)\Ediy{t). (2.2) 

Finally we mention that if [/ C C is open and F : U ^ ^i^) is analytic, one can choose a 
version of F with analytic paths, i.e., there is a measurable function f : U xfl E such that 
f{-,w) is analytic for a.e. u) G fi, and for all z G U,k £ N^, the function d^f{z,-) is a repre- 
sentative of F^^\z). This goes back to Stein, cf. [38], III. 2 Lemma, a detailed exposition for 
X = can be found in [12J, and a variant of the proof given there also works in our situation. 



2.3. T^-s-boundedness. In this subsection we give a short exposition of the notion of TZs- 
boundedness in Banach function spaces, which was introduced for L-'^-spaces bei Lutz Weis in 
|45) . In fact, the concept of T^s-boundedness in L^'-spaces, although not denoted in this way, is 
a subject of classical harmonic analysis, mainly considered in the framework of vector-valued 
singular integrals, cf. e.g. the monographs [39], fT9] or [20]. In [45] and in the sequel e.g. in 
[5], the notion of T^g-boundedness was a central tool to show maximal regularity of certain 
sectorial operators. Crucial in this context is the coincidence of 7^2-boundedness in L^'-spaces 
with 7^-boundedness if 1 < p < oo, which in turn is a central tool in dealing with the question 
of maximal regularity. In fact, many of the assertions we present in this section are already 
indicated in ^45] , or they are variants of corresponding assertions for 7^-boundedness as shown 
in [32], Chapter 2. 

Let X, Y be complex Banach function spaces with absolute continuous norm over u-finite 
measure spaces (il, fi) and (fi, /i), respectively, and let s € [1, oo]. We note that the basic ideas 
and definitions presented in this chapter easily generalize to the more general setting of an 
abstract Banach lattice using the Krivine-calculus (cf. e.g. [35| . Section Il.l.d). 



Definition 2.4 (T^s-boundedness). Let T C L{X,Y). The set Tis called TZg-bounded, if there 
exists a constant C G M>o, such that for all n S N, T € T" and x G X": 



sup \TjXj 



l/s 



< 



Y 



1/^ 



X 



if s < oo. 



I iGN< 



< c 



Y 



sup \Xj\ 

ieN<„ 



if s = oo. 



\x 



(2.3) 
(2.4) 



The infimum of all such bounds C is called the T^^-bound of T and denoted by TZs{T). If 
T € L{X,Y), we say that T is T^^-bounded if {T} is T^^-bounded and let TZs{T) := TZs{{T}). 



Obviously, if T C C{X,Y) is T^s-bounded, then T C L{X^Y), and T is norm-bounded with 
suprgr ll^ll ^ ^sCT")- Moreover, if T C and C > 0, then T is Te^-bounded with 

T^s{T) < C if and only if To is T^^-bounded with lZs{Ts) < C for all finite subsets To Q T, 
and in this case 

TZsiT) = sup{7^,(7^) \ ToQT finite}. 
If one considers x G X" as an element of M(r2, C"), we have 



\l/s 

j = lk!U(£») and II sup |xj|^||^ = ||x||x(£-), 

respectively. So T G T" can be identified with the diagonal operator 

f:X^^Y^,x^{Tjx,),^^^^, 

which can be considered as a bounded operator X(if^) — t- Y{if^). With this notation the set T 
is T^-s-bounded if and only if the set of operators 

{f I T G , n G N} C U L{X{ej,Y{0) 

is uniformly bounded. 

Remark 2.5. Since X,Y have the Fatou property, we can replace the finite sums in \2. 3\) in 
the definition of TZg-houndedness by infinite series and the suprema in \2.4^ by suprema over 
all N. In particular, a single operator T G C{X^Y) is TZg-bounded if and only if the diagonal 
operator 

induces a bounded operator Tg G L{X{l^),Y{ll.'')), and in this case lZs{T) = ||T5||^(x(£»),y(£^))- 
An easy consequence is the following 

Proposition 2.6. Let KsL{X,Y) := {T G L{X,Y)\T is TZs-bounded}. Then RsL{X,Y), 
endowed with the norm TZs{-), is a Banach space. □ 

We note that in general RsL(X,y) 7^ L{X,Y) if s / 2, cf. Example EH] below. If the 
spaces X, Y have appropriate geometric properties, norm-boundedness of a set of operators 
also implies the T^^-boundedness for a certain range of s: 

Remark 2.7. Let T Q L[X,Y). Let X be p-concave and Y be q-convex for some 1 < p < 
q < 00, and let T be norm-bounded. Then T is TZg-bounded for all s G [p, q]. In particular, if 
X = LP, Y = L'^ and T is norm-bounded, then T is IZg-bounded for all s G [p, q] . 

Proof. Let s G [p,q] and define C := sup^g-^- ||T|| < 00. Let n G N,T G T'"' and x G X", then 

||fx||y(,.) < P&\y) ||fx||,»(y) = M(^)(y) ||(||T,x,||y),||,, < M^^\y) ||(C ||x,|U),1. 

= M^'\y)C\\x\Us^^x) < C A^&\y)M^,){X) . ||x|U(,.). 

Here we used the fact that X is also s-concave and Y is s-convex since p < s < q, and 
M(^g^{X) , M^'^\Y) < 00 denote the corresponding s-concavity/s-convexity constants oi X and 
Y, respectively. The supplementary assertions follow from the fact that is always p-concave 
and p-convex. □ 
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We recall the related definition of 7^-boundedness (cf. e.g. [7] or |32j . Section 2): A set T C 
L[X, Y) is called TZ-bounded, if there exists a constant C G ]R>o, such that for all n S N, T € T" 
and X G X"': 

n n 

e| rj TjXj ^ < Ce| ^ rj ® ^, (2.5) 



X 



where (rj)jgN is any sequence of independent symmetric ±l-valued, i.e. Bernoulli-distributed, 
random variables on some probability space, and E denotes the expectation with respect to 
the corresponding probability measure. We usually choose the Rademacher functions rj{t) : = 
sgnsin(2%t), j G N on [0, 1]. 

Since the Khintchine-inequality holds in r-concave Banach function spaces if r < oo, we obtain 
the following close relation between 7^-boundedness and 7^2-boundedness: 

Remark 2.8. Let T C L{X,Y). 

(1) If X is r-concave for some r < oo and T is TZ-bounded, then T is TZ2-bounded, 

(2) IfY is r-concave for some r < oo and T is lZ2-bounded, then T is TZ-bounded. 

In particular, if both X and Y are r-concave for some r < oo, then T is TZ-bounded if and 
only ifT is TZ2-bounded. 

We will now turn to some persistence properties of T^^-boundedness that correspond to per- 
sistence properties of 7^-boundedness, cf. e.g. [32], Section 2. The first one is an immediate 
consequence of the norm-properties in the spaces 

Proposition 2.9. Let S C L{X,Y) be TZg-bounded. 

(1) // T C L{X,Y) IS TZs-bounded, then the set S + T := {S -^T\S G S,T G T} is 
TZg-bounded, and TZs{S + T) < TZs{S) + TZs{T). 

(2) IfV is another Banach function space and T C L(y^,X) is TZg-bounded, then the set 
ST := {ST \S e S,T eT} is TZs-bounded with TZslsT) < TZs{S) ■ TZs{T). 

□ 

The following convexity property is an important tool and is again a variant of a corresponding 
result for 7?.-bounded operators, cf. e.g. [32j, Theorem 2.13. 

Proposition 2.10. Let T Q L{X,Y) be TZs-bounded. Then the strong closure of the absolute 
convex hull aco*(7') Q L{X, Y) is TZs-bounded with TZs{sco^{T)) = TZs{T). □ 

Let (J, u) be a cr-finite measure space and S : J ^ L{X, Y) strongly measurable and a G L^{J), 
then define an operator Ta^s ^ ^iX, Y) by 

Ta,sx '■= j a{t)S{t)x du{t) for all X G X. 

By approximation, it follows that Ta^s £ aco''(5'(J)) if ||a||Li = 1; which leads to the following 
Corollary 2.11. Let T Q L{X,Y) be TZs-bounded, then the set 

S := {Ta.s \S : J L{X,Y) strongly measurable with S{J) ^T,a (z Li{J) with < 1} 

is TZs-bounded with TZs{S) < TZs{T). 
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This is proven in |32j . Corollary 2.14 for 7^-boundedness, and using Proposition 12. lOl tlie proof 
carries over to our situation. 



We recall some standard notions about representation of functions with values in function 
spaces. If J C M is an interval and x : J — )■ X is A-measurable, then by the continuous 
embedding X ^ M{p,) we can find a A (8) //-measurable representative x : J x — )> C and 
hence identify x also with the measurable function lv i— )• x{-,u}). In this manner we can e.g. 
deal with the question if x G X(L^(J)). If there is no risk of confusion, we will work with this 
identification in the sequel without explicitly mentioning it. 



By standard approximation arguments we obtain the following continuous version of TZg- 
boundedness. 

Proposition 2.12. Let s G [1, oo). Let J C M 6e a non-trivial interval and S : J — ?> L(X, Y) 
be strongly measurable such that S{J) is TZg -bounded. Then for all measurable x : J ^ X we 
have 



[ljS{t)x{t)\^dt 



l/s 



< 7^.(5(J)) 



Y 



\x{t)\''dt 



l/s 



(2.6) 



X 



In other words, the operator S extends to a continuous diagonal operator (S{t))t£j from 
X{L%J)) to Y{L'{J)). 

The idea of proof is simple: We first consider suitable step functions, then the integrals turn 
to finite sums and we can use the definition of T^g-boundedness. Then we do an approximation 
argument to obtain the general result. For s = 2, Proposition 12. 12l is proved in this way under 
slightly more restricting assumptions in |45] . Lemma 4 a, hence we suppress the technical 
details here. 



We obtain an analogous result for s = cx), in this case we can of course drop the measurability 
assumptions on 5, and the proof is just an application of the Fatou property in X: 

Proposition 2.13. Let J be a non-empty set and S : J L{X,Y) such that S{J) is TZoo- 
bounded. Then for all mappings x : J ^ X we have 

||sup|5(t)x(t)||L <7^oo(5(J))• ||sup|x(i)||L. (2.7) 

□ 

Further standard methods to obtain T^^-boundedness are by means of interpolation and dual- 
ity. Recall that a set 7~ of operators is T^^-bounded if and only if the diagonal operators T for 
T G T^,n G N induce uniformly bounded operators from X{lf^) to Y{£f^). By complex inter- 
polation we obtain [X{e^„"),X{Q)]0 = X{lf(>) (with equal norms) where j- = {1-0)^ +0^^, 
cf. [U]. This leads immediately to the following 

Proposition 2.14. Let 1 < sq < si < oo. If T ^ L{X,Y) is TZs -bounded for j = 1,2, then 
T is TZg-bounded for all s G [sq, si]. □ 

In the special case X = Y = L^, a norm-bounded set T X is always 7?.p-bounded, as 
we have seen in Remark 12.71 Since there are various results for 7^-boundedness of operators, 
sometimes the following remark is helpful. 
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Corollary 2.15. Let X = U' and T C L{X) he TZ-bounded. Then T is IZg-hounded for all 
s G [2 A p, 2 V p] . □ 



In particular, finite operator sets in U' are always T^^-bounded for all s € [2 A p, 2 V p], since 
the latter is true for 7^-boundedness. However it is well known that in spite of these special 
cases, finitely many or even a single operator need not to be T^-^-bounded, even in the Hilbert 
space case. 



Example 2.16. Consider X = Y = L2([0, 1]). Let rj{t) := sgn(sin(2%t)) for ah t € [0, 1], j G 
N be the Rademacher functions. Then (rj)jgN is an orthonormal system in X. Let us further 
define Ij := (2-^2-^+^], fj{t) := 2^/^ Ij^ for ah j G N, then it is easily checked that {fj)jeN 
is an orthonormal system in X as well. For all n G N, we have 



El 



l/s 



L2 . ^ 



l/s 



Because the fj have disjoint supports, we have on the other hand 



l/s 



j=l V-^O j=l / Vj=l 



As the {rj)j, ifj)j are orthonormal sequences, we can construct operators T,S on X with the 
property Tfj = rj and Srj = fj for all j G N. Then the above equalities show that T is not 
T^s-bounded in case s < 2 and S is not T^g-bounded in case s > 2. 

We now have a look at duality. Recall that the dual space X' can be identified with the so- 
called associated Banach function space X* of X since X has absolute continuous norm, cf. 
[3], Chapter 1, and for s G [1, oo) we have in this sense (X = X'{£^ ) by t22j since l'^ has 
the Radon-Nikodym property if s G [l,oo). Moreover, for T G L{X,Y) we identify its dual 
operator T' with the corresponding operator T* : y* — > X* . Then we obtain the following 
duality result. 

Proposition 2.17. Let s G [1, oo) and T C L{X) be TZs-hounded. Then T := {T' \T £ T} 
is TZg' -bounded in X' . □ 

We note that in general the associated Banach function space X* does not have absolute 
continuous norm and hence does not fit in our framework. So if we use duality results like 
Proposition 12.171 we usually require X to be reflexive, so X* has also absolute continuous 
norm, cf. |22) . 

We quote another useful criterion to check T^^-boundedness for concrete operators. Recall 
that a linear operator S : X Y is called positive, if x > implies Sx > for all x G X, 
and positive operators are always bounded. Then we obtain the following criterion for TZg- 
boundedness: 

Proposition 2.18. Let T C L{X,Y) and S : X ^ Y be a positive operator that dominates 
T, i.e. \Tx\ < S\x\ for all T T,x G X. Then T is TZg-bounded with TZs{T) < \\S\\ for all 
s G [1, oo]. 
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The proof is based on the general result that positive operators S : X ^ Y always have 
bounded extensions S ^IAe in the vector-valued spaces X{E) Y{E) (cf. e.g. |19| . Theorem 
V.1.12) and the obvious, but useful fact, that 7^<j-boundedness is inherited by domination in 
the following sense. 

Remark 2.19. Let T,S L{X,Y) such that for all T £ T there is an S £ S such that 
\Tx\ < \Sx\ for all x € X. Then T is TZs-bounded if S is TZs-bounded. □ 

We conclude this section with some classical examples of 7^<j-bounded operators in the case 
X = Y = LP{Q) based on classical harmonic analysis. More involved examples can be found 
in EH. 



Let (O, d) be a metric space and // be a cr-finite regular Borel measure on Q such that (0, d, //) 
is a space of homogeneous type in the sense of Coifman and Weiss, cf. [S], [S], i.e. there is a 
constant D > 0, which will be called the dimension of X, and a constant Cd ^ ^ such that 

^i{B{x,Xr)) <CdX^ KBix,r)) for all x € Jl, r > 0, A > 1. (2.8) 

The (uncentered) Hardy-Littlewood maximal operator is given by 



{Mf){x) 



sup I } / \f\dfi B CQ is a bah with x £ b\ for ah / G L} {^l),x G Q. 
[fJ'{B)JB J 



Then the following classical theorem holds. 

Theorem 2.20 (Fefferman-Stein). Let p G (l,oo) and s G (l,oo], then the suhlinear operator 
M. is TZg-bounded in LP(Q), i.e. there is a constant C > such that 



p 

i=i i=i 



l/s 



This originates in the paper [17] for the case 17 = R*^, and the generalization on spaces of homo- 
geneous type can be found in |21j , Theorem 1.2. The T^^-boundedness of the Hardy-Littlewood 
maximal operator together with Proposition 12.181 above yields a wide class of examples for 
T^s-bounded sets of classical operators by well known uniform estimates against the maximal 
function. 



Another large class of T^-s-bounded operators is given by (singular) integral operators T which 
are bounded in L'"(il) for some r G (Ooo) and have a kernel that fulfills the Hormander condi- 
tion, e.g. Calderdn-Zygmund operators. Then it is well known that T has bounded vector-valued 
extensions and hence is in particular T^^-bounded in LP{i}) for all p,s £ (1, oo), cf. |21| for this 
result and e.g. |39| . |19| . |20) or |16j for the classical theory of Calderon-Zygmund operators. 

Finally we note that in the monograph |19) this topic (without using the terminology of 
T^s-boudnedness) is intensively studied in connection with weighted estimates, also involving 
Muckenhoupt weights, and in the article |18j the topics from the monograph |19| are also 
considered in the more general framework of Banach function spaces. 
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3. T^s-SECTORIAL OPERATORS 

Let X be a Banach function space with absolute continuous norm. In this section, A : X ^ 
D(A) X will always denote an injective sectorial operator with type oj{A) and with dense 
domain and range. 

3.1. Definition and elementary properties of T^s-sectorial operators. 

Definition 3.1. Let s € [l,oo]. The operator A is called IZs- sectorial, if there exists an 
oj S [0,vr) such that (t{A) C and the set {zR{z,A) \z € C\So-} is T^^-bounded for each 
(T € (w,7r). The infimum ujti^{A) of all such oj is called the T^^-type of A. 

In this case we define 

Ms^A) := Mn^^M) ■■= nsi{zR{z,A),AR{z,A) \ z G C\S,}) 
for all a G {ujti^{A),tt). Observe that this set is indeed also T^^-bounded, since 

AR{z, A) = zR{z, A) - idx for ah z G C\S<^, 
hence Mn^A^) < T^s{{zR{z,A) \ z € C\S^}) + 1 < 2M7^^,,(A). 

We will now introduce a diagonal operator extension As of ^®Id^s such that properties as TZg- 
sectoriality and T^g-boundedness of the //°°-calculus can be expressed as "simple" sectoriality 
and boundedness of the //"^-calculus for the single operator Ag. Although this is a natural 
concept, we note that it is not always straightforward to check these correspondences. Indeed, 
while T^g-sectoriality of A will turn out to imply sectoriality of Ag by definition, the converse 
is not clear, since T^s-boundedness of the single operators XR{\, A) might not imply TZs- 
boundedness of the set {XR{\,A) \ A G C\$]o-}. 

Definition/Proposition 3.2. Let s G [l,oo] and assume that A is T^^-sectorial. Define the 
diagonal operator 

As := {i{xn)n&N, iAxn)nen) I {xn)nm & X{e),Xn G D{A) for all n G N and {Axn)neN G X{e')} 

(3.1) 

in X{i^). Then As is a sectorial operator in X(£^) with u}{As) < u}'ji^{A), and we have 

VA G C\S,^^(A),2; G X{f) : i2(A,I,)x = (i?(A, A)x„)„gN. (3.2) 

Proof. Let a G (wt^^ (^) , vr) . For all A G C\So- =: 5* define the operator R{X) := XR{X,A), 
then R{S) is T^^-bounded, so let M := TZs{R{S)). Moreover, for each A G 5 and x = {xn)nefi £ 
X{£') define 

R{X)x := {R{X)Xn)n€N- 

Then -R(A) G L{X{i^)), and the operator set R{S) is uniformly bounded by M. Moreover it 
is an easy calculation that R{X) = XR{X, As), hence As is sectorial with uj{As) < c. □ 

As already pointed out, the reverse conclusion might be false; one way of overcoming this prob- 
lem would be a modification of the vector-valued operator A, e.g. by defining Ax := {wjXj)j, 
where {wj \j G N} is a dense subset of a sector S^, cf. [2] for such an approach in a different 
context. 
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The representation (|3.2p of the resolvents of Ag imphes that also the functional calculus for As 
is just given by diagonal operators with maximal domains. Recall that !B(So-) is the algebra of 
analytic functions on the sector So- that are polynomially bounded at and oo, cf. Subsection 

EH 

Lemma 3.3. Let s £ [l,oo]. Assume that A is TZg-sectorial and let a € {ujti^{A),tt] and 
f € *B(S^). Then 

D{f{As)) = {{xn)neN G X{n I Xn G D{f{A)) for alined and {fiA)xn)neN G 
and f{As)x = ifiA)xn)neN for all x = {xn)neN G D{f{As)). 

Proof. Let first (f € H^(Y^u). Let uj E (uj-ji^^A), a) and T be the usual parametrization of the 
boundary 9$]^. Since the projections TTk : X(i^) X, '-^ are continuous for all 

A; S N, the representation ()3.2p of the resolvents of As implies 



(p{As)x = [ if{z)R{z,As)xdz=(^ I (p{z)R{z,A)xndz ] = {ip{A)xn)nen 



for all X = {xn)neN G X{i^). Now consider the general case / G !B(So-). Let p{z) := z{l + z)~'^ 
and choose m G Nq such that (p:= p"^f e H^{X{t)). Then 

f{As) = = {Ml + AsrY'^ipiAs) = {{l + AsfAj^)'^^{As). 

This yields the claim since (^{1 + As)"^ Aj^^"^ is a diagonal operator with maximal domain. □ 

We will now turn to some elementary properties of T^^-sectorial operators that are standard 
for sectorial operators or e.g. 7^-sectorial operators. In fact, many properties can be proven 
analogously as it is done for 7^-sectorial operators in [32) . Chapter 2, hence we will often refer 
to the proofs given there. 

The same arguments as for 7^-sectorial operators show the following 

Remark 3.4. // the set {t{t + ^) 1 1 > 0} is IZs-hounded, then A is TZg-sectorial. □ 

Using the elementary functional calculus for ff^-functions we can extend T^^-boundedness to 
more general sets consisting of operators generated by functions of A. 

Lemma 3.5. Let s € [l,oo] and A he an IZs-sectorial operator in X. Let a > uj']i^{A) and 
T C H^iTifj) such that one can choose Co,/3 > with \'p{z)\ < Cq {\z\^ A |^;|~'') for all 
z € if ^ J-. Then for each Q < 5 < a — co-ji^, the set 

{ip{zA)\z(£ G T} 

is TZg-hounded. To he more precise, for each oo G {(jJ-ji^A) , a) we can choose a constant C = 
C{u},Co, (3) such that the estimate 

holds for all 6 G [0, cr — w). 

Proof. Let a — S > ca > uJMiA). Let z G S^, then z = tw for some r > 0, if G fl S^, and 
wX G So- for all A G dT,i^, hence 
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< Co Y] r{t^At-^)-=:M<oo, 
i.e. ll</'(^-)ll^i(as. < M for all z G ^5,99 G ^. We have 



<f{z 



A) = ^ [ v{z\)R{X, A)dX = ^ [ ip{z\) ■ XR{X, A) ^, 



hence |99(2:^)j;| < ^ Jqj. \ip{zX)\ ■ \XR{X, A)x\ |^| for each (p ^ T, z £ Us and x £ X. Since 
{XR{X,A) I A € dTii^} is T^g-bounded, the assertion follows with Corollary 12.111 □ 

In view of the functional calculus for the extended Dunford-Riesz class £'(So-) (cf. Subsection 
12. ip we obtain the following slightly more general version. 



Corollary 3.6. Let s G [l,oo] and A be an TZg-sectorial operator in X. Let a > ujti^{A) and 
J- C such that there exists an e > with 

Mo := supll/llooa < 00 and Co := sup sup V [zl'") /(^) _ -^("^ + < 00. (3.3) 

feT ' feTzeT,a \^z 

Let < 5 < 0" — Lo-ji^, then the set {/(zA) [ z G S^, / G J^} is TZg-bounded. 

Proof. Let f £ J^, then by Subsection 12.11 we have a decomposition f{Q = ^f{C) + + b, 
where G H§°{T.^) and b = /(oo),a + 6 = /(O). Hence |a|, |5| < 2Mo and 

(a + 6) + 6C 



1^^/(01= /(C) 



1 + C 

For each z G we obtain the representation f{z-) = (pf{z-) + + b, hence 

f{zA) = iffizA) + a(l + zAy^ + 6Idy = PfizA) + aAi?(A, A) + 6Idy, 
where A := — ^ G C\S^_5. Since oj' := it — 6 > a — 5 > u!m{A), the set 

|aAi?(A, A) I - i G S^, |a| < 2Afo} 

is T^s-bounded, and Lemma 13.51 implies the T^^-boundedness of {{pf{zA) \ z G S5, / G J^}, 
hence also {f(zA) \ z G S^, / G J^} is T^^-bounded. □ 

A special case is the following corollary with just one function / G f (So-). 

Corollary 3.7. Let s G [l,oo] and A be an IZs-sectorial operator in X. Let a > ujti^{A), 
< 6 < a — uj-ji^ and f G iS(So-). Then the set {f{zA) \ z G is TZg-bounded. □ 

An immediate consequence is the following: If ujti^ [A) < vr/2, the generated analytic semigroup 
{e~^'^)z^T,g is T^s-bounded for all 6 G [0, 7r/2 — oj-ji^ (A)). We will say in this case that A is TZs- 
analytic. More characterizations of 7^<j-analyticity are the content of the following proposition, 
which is an T^^-bounded version of [32], Theorem 2.20, and again the proof given there carries 
over to our situation if we replace "7^-boundedness" by "T^^-boundedness" and take into 
account Corollarv 12.111 

Proposition 3.8. Assume u}{A) < 7r/2. Then the following conditions are equivalent: 

(1) A is IZs-analytic, 

(2) A is IZg-sectorial with ^^^^{A) < 7r/2, 
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(3) The set {f{it + ^)-" | t G M\{0}} is Us-bounded for some n G N, 

(4) The sets {e^*^ U > 0}, {tAe-^"^ I * > 0} are Us-bounded. 

□ 

For concrete examples of T^^-sectorial operators we refer to Subsection 13.41 and the literature 
cited there. 

3.2. Equivalence of s-power function norms. We will now turn to the central estimates 
for a reasonable definition of the associated s-intermediate spaces for an T^-s-sectorial operator, 
which will be done in the next section. The following proposition is well known for s = 2 and 
X = U>,T = Id, cf. [33], Theorem 1.1. 



Proposition 3.9. Let s G [l,oo] and A he an TZg-sectorial operator in X. Let a > uj-ji^lA) 
and (p^Tp ^ H^{Tia)\{Qi}. Then there is a constant C > such that for all f G H°°{Ti(j) and 
for any TZs-bounded operator T G L[X) and x ^ X we have 



dt \ i/« 
\f{A)^{tA)Tx\^ j) 



t 

(with the usual modification if s = oo). 



< cns{T)\\f\[ 

X 



flt\ 1/^ 

mtA)x\^ J 



(3.4) 

X 



Remark 3.10. The norm expressions occurring in the estimate will also be referred to 

as s-power function norms. 

Proof of Proposition \3.9l We will shorten arguments and calculations in some places, since the 
proof of Proposition 13.91 works in the same way as the proof given in |33) for the case X = L^ 
and s = 2. In some cases one just has to replace Cauchy's inequality by Holder's inequality. 

By an approximation argument, one only has to consider the case / G H^iY^a)- Let x (z X such 
that := \\{J^ \^l)(tA)x\'^ t)^''*II^ ^ ^ ^ i'^Usi^)^'^) ^-^^ ^ be the parameterized 

contour of 9^^^. Choose auxiliary functions F,G & Hq°(Y,„) such that 

F{t)G{t)m j = l. (3.5) 

Then for each H G {F, G} we have 

f \dz\ f°° dt 

sup / \H{tz) \ — - < oo and sup / \H{tz) \ — < oo. 

Analogously as in |33| we will proceed in four steps, where the constants wich occur in 
each step do not depend on x and /. 

Step 1. For all t > we have 

Sit) ■.= f(A)G{tA)T = ^ [ f{z)Gitz)zR{z,A)T-. (3.6) 

Then 

\dz\ / f \dz\ 



l/(W-)||^,(^l^,) =^|/(z)G(tz)|^< (sup^lG(rz) 



\z\ 
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Since S := {zR{z, A)T | z G F} is T^s-bounded by assumption, Corollary 12.111 yields that also 
S'((0,oo)) is Te^-bounded with 7es(S'((0, oo))) < Cl7^s(^) ||/||oo,<7- Hence by Proposition [2l2] 
we obtain 



\f{A)G{tA)^lj{tA)x\ 



t 



X 



\S{t)i;{tA)x\ 



t 



X 



(with the usual modification if s = cx) using Proposition 12.131 ) 



(3.7) 



f°° dt 

Step 2. Let w{t) := S{t)tl;{tA)x for all t > and u{z) := / F{tz)w{t) —. By choosing 

Jo t 

appropriate representatives, by Holder's inequality and Fubini's theorem we haye fx-a.e. for 



s < oo: 



< sup 



\F{tz)w{t) 



dtY \dz 
T) ~\z\ 
dt\s-i 



sup / \F{tz) 



\dz\ 

\z\ 



\wit)\' 



dt 



hence we obtain the estimate 



\u{z)\ 



X 



\w{tWj 



X 



133 

< C74•7^,(^)• 



(3.8) 



If s = oo, we obtain similarly 

sup \u{z)\ < I sup / \F{tz)\ — 1 • sup |?i'(i)|, 
zer ^ zer Jo ^ ^ t>o 

hence also 

I37n 

II sup |u(2;)||| < C3 • II sup |i(;(t)||L < ■ TZs{T) ■ \\f\\^^„ ■ \\x\\^. (3.9) 
zev t>o 

[ dz 

Step 3. Let v{t) := / ip{tz)zR{z, A)u{z) — for all t > 0. Then again, with Holder's inequality 

Jr ^ 
and Fubini's theorem we can conclude if s < 00: 

< sup( / \^(tz)\^-^y ■ (sup r\^{tz)\^) ■ [ \zR{z,A)uiz)[^^-^. 
t>o^Jr \A ^ ^ zer Jo Jr Fi 

Using again T^^-boundedness of {zR{z, A) | z E F} in the same way as in Step 1 we obtain 



mi' J 



<C5- 



X 



\dz\\^/^ 
r \z\ 



X 



\zR{z,A)u{z)\''^44^^^' 
\z\ 



X 



(3.10) 



The analogous inequality holds also in the case s = 00, which can be shown in the same 
manner as in Step 2. 
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Step 4- By analytic continuation we have 

/■°° dt 

/ F{tz)G{tz)ij{tz) — = 1 for all z € S^. 
Jo t 

By the multiplicativity of the functional calculus (and Fubini) we obtain 

fiA)= r FitA)GitA)i^{tA)fiA)^, 
Jo ^ 

hence for all r > 0: 

f{A)ip{rA)Tx = / ^{TA)F{tA)G{tA)i;{tA)f{A)Tx- 
Jo ^ 

ip{Tz)F{tz)R{z, A) dz) G{tA)i;{tA)f{A)Tx — 

^ / t 

= 2^ / '^(^^)^(^, ^) ( Fitz)G{tA)ijitA)fiA)Tx j) dz 

= / (p{tz)R{z, A)u{z) dz = v{t). 

2m Jy 

So with (I3J01) the claim fohows for / G H^{T.„). □ 

3.3. Discrete s-power function norms. We now turn to a version of Proposition 13 . 91 dealing 
with discrete counterparts to the s-power function norms in estimate 13.41 of the form 

Such a version cannot hold in full generality for arbitrary ip^tjj ^ //^(So-)\{0}, because such 
functions could have "too many zeros" , and the crucial step (|3.5p in the proof of Proposition l3.9l 
would then break down. For a concrete counterexample consider A = Idx and (p G H^iTi^i^^ 
with ^p{2^) = for all j € Z. Hence, we will restrict ourselves to a suitable subclass of -Non- 
functions. The assumptions for this class of functions are rather technical and made to fit 
our needs, but they are not too restrictive: we will show that the standard i^Q°-functions we 
usually use as concrete auxiliary functions belong to this subclass of H^. 

Definition 3.11. Let a G (0,7r] and (p G ff^(So-) with ^ <^(So-). We say that (f belongs to 
the class ^>^q if the following property (named after uniform in £) holds: 

(UE) There exist d £ and a set of functions C £{T,^) such that fulfills condition ()3.3p 
from Corollary 13.61 and 

{(^(2^'t-)M2^'-<),^(2^'+^.)M2^'i-) I i e Z,t G [1,2]} C {/(r.) \ f e T,r > 0}. 

The motivation of this definition is the following conclusion, which is an immediate conse- 
quence of Corollary 13.61 



Lemma 3.12. Let a G (0,7r] and ip G $^o- Choose d G Z due to property (UE) above and 
define the operators Sj{t) := {ip{2^+'^-)/ip{2H-)){A) andSj{t) := {ip{2H-)/^p{2^-'^-)){A) for all 
j (z1j,t G [0, 1]. Then the set 

{Sjit),Sj{t)\j ez,te [1,2]} 
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is TZs-bounded, and for all j 7j,t €z [1,2] we have 

ip{2HA) Sj{t) = Sj{t)^{2HA) = 99(2^+'^^), hence Sj{t) = (p{2HAy^<f{2^-^'^A). (3.11) 

and 

^{2^-~'^A)Sj{t) = Sj{t)tf{2^-'^A) = <f{2HA) hence Sj{t) = fi2^-'^Ay^^{2HA), (3.12) 

In fact, instead of the technical condition (UE) we could assume for if that the conclusion of 
Lemma 13.121 holds, since this is what we are interested in. Nevertheless, we want to formu- 
late a condition that dependes only on the function ip and this is the reason for Definition 13. Ill 

We now turn to the most important examples of functions in 'I'^-O' 

Examples 3.13. (1) Let a € (0, vr) and m G N and define (f{z) := for all z E So-, 

then (f e 

(2) Let a G (0, 7r/2) and a > and define (p{z) := z°'e~^ for aU z G T,^, then (p G ^q^. 

Proof. (1) We only consider the case m = 1, where we will show that the condition (UE) is 
fulfilled with d = 0. For j eZ,t e [1, 2] and z G define 

l + 2^z\2 fl + t~^2Hz\'i 



,,,(.) := ^i2Hz)M2^z) = t (— --) = t (^— -^) 



l+TZ 



2 



With r = 2H > and r := G [1/2, 1] we obtain gj,t{z) = t- fr{rz) where fr{z) r— , 
We win show that J" := {t ■ 1 1, r G [1/2,2]} fulfills condition (US]) from Corollary [Ml So 
let r G [1/2,2], then /^(O) = 1 and /^(oo) = r^, and 

... - f(,) frm + fri^)z {l + rzf-{l + z){l + r^z) , z 



hence \ipr{z)\ < |2r - - 1| 
holds with e = 1. Now consider 



< 9 



h,Az) := V=(2^z)/V.(2^tz) = [yT^) , 



. This shows that the uniform estimate (13.3 



_i ^1 + 2JtZNj2 

then hjt{z) = Tft{2^ z) with the same notations as above, hence also {hj t\j G Z, i G [1,2]} C 
{/(r.)|/G J-}. 



This shows that condition (UE) is fulfilled with d = 0, hence ip G for m = 1. The general 
case m G N can be treated analogously, hence we omit the proof. 

(2) For j G Z, t G [1, 2] and 2 G define 

g,,t{z) := ^{2Hz)/^{2^-'z) = {2tr e-^''-'^^'-'^ 

then gj^t{z) = e'"'^ with r := {2t - 1)2^-^^ > 0, hence gj^t G {r • e'"" | r G [1, 4"], r > 0} =: T. 
Let 

h,,t{z) := ip{2^+^z)/ip{2Hz) = 2/^"e-(2-*)2^^ 
then also hj^t € J-. Since T clearly fulfills condition ()3.3p from Corollary 13.6^ this shows that 
condition (UE) is fulfihed with d = — 1, hence (/? G <I>oO- ^ 
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We can now turn to the central equivalence of continuous and discrete versions of s-power 
function norms. 

Proposition 3.14. Let s G [l,oo] and A be an TZg-sectorial operator in X. Let a > uj-ji^^^j^-j 
and if € ^^q- Then there is a constant C > such that for all x G X : 



1/^ 



< 



X 



C-'\\[Y.\^{2^A): 
(with the usual modification if s = oo.) 



\^{tA)x\'j' 



X 



<C II (^1^(2^-^). 



1/^ 



X 



Proof. We assume first that s < oo. Choose the integer d ^"L due to property (UE) of ip and 
define 

S,{t) := {^{2^^'.)/^(2H.)){A) = ^{2HA)-\{2^+^ A) 

and 

S,{t) := {^{2^+H.)/^{2i.)){A) = ^{2iA)-\{2^+HA) 

for all J G Z,t G [0,1]. By Lemma the set 5 := {Sj{t),'Sj{t)\j G Z, t € [1,2]} is Us- 
bounded, so let C := 7ls{S). 

Let X & X. Define 

S{r) := l[2,^2^+i)(^)v'M)~V(2^^'^^) and y{t) := ^{tA)x for all t,r > 0, 

then y : (0, oo) — > X is measurable, 5 : (0, oo) — > L{X) is strongly measurable and S{2H) = 
ip{2HA)-'^ip{2^+'^A) = Sj{t) for all t G [1,2) and j G Z. Moreover, S'((0,oo)) C 5 is TZs- 
bounded. By Proposition 12.12] we obtain 



l/s 



C \^{2HA)Sj{t)x\' dt 
E /' \S{t)y{t)\ 



1/^ 



X 









X 



dt 



l/s 



X 



dt 



l/s 



J2 / \S{2H)y{2HW- 
\S{t){t-^y{tWdt 



t 

l/s 



X 



X 



< C- 



\ip{tA)x\ 



dt 



l/s 



X 



We now turn to the inverse inequality. By the Fatou property we obtain in a first step 

dt\l/s II /•2 , 



Yj^\Sj{tM2^A)x\'dt 



l/s 



Y [ H2HA)x\'dt 

<liminf||( Y / \S'jitM'^'A) 



l/s 



j=-N ■ 



X 
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Since t Sj{t) is analytic, we can work with a version with analytic, hence in particular 
continuous, paths (cf. Subsection I2.2p and obtain 

r \S,{tM2^A)x\^ dt = hm - ^ (1 + %{2^A)x\^ 
•^^ k=i 

fi-a.e. m n. Let Sfl := Sj{l + for all j G Z,^ G N and A; € N<^, then using the Fatou 
property again leads to 



\ip{tA)x\ 



t 



N i 

<liminf r^/Hlf y y\S%{2^Ay. 

j=-N k=l 



1/^ 



TV £ 

< C-Iiminf r^/Hlf y y|w(2^A)3 

j=~N k=l 



1/s 



X 



<c-\\( J2 



X 

1/s 



X 



j=-oo 



Now let s = oo. Then we have trivially sup^g^ \ip(2^A)x\ < sup^^Q for all x G X, hence 

we obtain the first inequality || sup^gg |(/9(2-' ||^ < || sup^^g Iv'C^^)^! ||x x ^ X. For 

the second estimate we use the same notations as above and obtain by Proposition 12.131 



sup |(/?(t^)xj 



t>0 



\x 



sup sup \ip{2^^HA)x\\\^ 
j& te[i,2] 



sup sup [5'j(t)(/?(2-' 

j& t6[l,2] 



sup \Sj{t)ip{2^ A)x\\\^<C -W sup |(/9(2-'^)x|||_^ = C- ||sup|99(2M)x|||^. 

(j,t)GZx[l,2] (j,t)gZx[l,2] jgZ 

□ 



If we combine Proposition 13. 14] with Proposition 13.91 we obtain 

Proposition 3.15. Let s G [l,oo] and A he an TZs-sectorial operator in X. Let a > uj'ji^{A) 
and (/J, "0 G 'I'^o- '^^^'^ there is a constant C > such that for all f G H°°(T,^) and x G X we 
have 



1/^ 



X 



< C\\fUA[Y,\^{2^A) 



l/s 



X 



(with the usual modification if s = oo). 



(3.13) 



□ 



Remark 3.16. By simple modifications of the proof one can show that the conclusion of 
Proposition \3. 14\ is also true in the case that A is assumed to be an injective sectorial operator 
with dense domain and range in an arbitrary Banach space X, and one replaces the s-power 
function norms by the related norm expressions 



||^(M)x||3, 



dt 

T 



1/s 



an 



d {^'^^\\ip{2^ A)x\\x^ , respectively. 



(3.14) 



Moreover, also Proposition \3.l5\ still holds in this setting, if one uses ^23j . Theorem 6.4.2 
instead of Proposition W^ 
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3.4. T^-s-bounded ff°°-calculus. For this subsection we fix some s G [l,oo]. 

Definition 3.17. Let a > co{A). We say tiiat A lias an TZg-bounded H°° (T,^) -calculus if the 
set 

{/(^)|/Gi/-(S^),||/||oo<l} 
is T^s-bounded, which is equivalent to the existence of a constant C > such that the estimate 

\\{fjiA)Xj)j\\x^is) < C SUp||/j||oo,a • \\{Xj)j\\x{l-) 

holds for all fj G and Xj G X, j € N. In this case we define 

M^M) ■■= M{fi^) I / G Il/lloo,. < 1}). 

Moreover, 

uj']iaD[A) := inf{o" G (a;(A),-7r] | A has an T^^-bounded ii/'°°(E(j)-calculus} 

is called the TV^-type of A, and in this situation we will also just say that A has an T^^-bounded 
ff°°-calculus. 

We trivially have the following 

Remark 3.18. Let A have an TZg-bounded H°°-calculus, then A is also TZs-sectorial with 

The property of A having an T^^-bounded ff°°-calculus can be expressed in terms of the 
diagonal operator Ag. 

Lemma 3.19. Let a, a' > u;{A). Consider the following assertions: 

(1) For each f G H°^{T,fj) the operator f{A) is TZg -bounded, 

(2) The diagonal operator Ag is sectorial with uj(As) < a' and has a bounded H'^iTi^ji)- 
calculus in X{1^). 

Then (2) ^ (i) if cr > a' , and (1) ^ (2) if a' > a . Moreover, if (1) holds there is a constant 
Co- > such that 

■RsifiA)) < a • ||/||oo,a for all f G F~(SoO 

for each a' > a. 

Proof. It is trivial that (2) implies (1) if o" > o"', so we assume a' > a and that (1) holds. 
Observe that A has in particular a bounded i/°°(So-)-calculus, hence 

^a:H^{^„)^L{X)J ^ f{A) 

is bounded. By (1) we have in addition a) C RsL(X) ^ L{X) and RsL(X) is a Banach 
space by Proposition 12.61 hence the Closed Graph Theorem implies that '■ H°°{^a) 
RsL(X), / 1-^ f{A) is bounded, i.e. there is a constant Co- > such that 

7^.(/(A)) < Co • ||/||oo,a for all / G /7~(So). (3.15) 

Choose Lo G {a, a'), then by (j3.15p the set {XR{X, Ag) \ A G C\Stj} is bounded in the space 
L(X{i^)), hence the diagonal operator ^4^ is sectorial with uj{As) < uj < a' , and again (|3.15p 
implies that the diagonal operator As has a bounded i?°°(Eo-/)-calculus in X{£^). □ 
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Observe that the restriction cr' > cr in (1) (2) if of Lemma [3 .191 is due to the fact that we do 
not assume A to be T^^-sectoriaL If we do this, we get the following slightly sharper condition, 
which can be proven in the same way. 

Lemma 3.20. Let A be an TZs-sectorial operator and a > uj-ji^lA). Then the following condi- 
tions are equivalent: 

(1) For each f € H°°{T,^) the operator f{A) is IZg-hounded, 

(2) The diagonal operator Ag has a bounded H°°(Tiu)- calculus in X{(1.'^). 



A useful tool to check if an operator has an T^^-bounded i?°°-calculus ist the following fact: 
Under suitable geometric conditions on X, T^^-boundedness of the single operators f{A) for 
/ € H°°{Tifj) as in Lemma 13.191 fl) already implies an 7?.s-bounded i?°°(So-')-calculus for all 
a' > a: 

Theorem 3.21. Let a, a' > uj{A) and s G [1,cxd), and assume that X is r-concave for some 
r < oo. Consider the following assertions: 

(1) A has an TZg-bounded H°°{T,fj') -calculus. 

(2) For each f S H°°{T,f^) the operator f{A) is TZg-bounded, 

(3) For each ip G H^{Ti„) the operator ip{A) is IZg-bounded, and there is a constant C > 



More precisely, if (2) holds, then for each oj > a there is a constant C^^a > independent of 
A such that 



Va' > a; : M^,,{A) < C,,, • sup{7^,(/(A)) | / e ||/||oo,a < 1}- (3.16) 



This has been proven in |31j for the case X = I/, and with little modifications the proof given 
there also works in this more general situation. 

We conclude with the standard example: 

Proposition 3.22. Let d, m G N and p,s G (l,cx3). Then the Laplace operator A := (— A)"^ 
has an IZg-bounded H°° -calculus in LP{W^) with a;7^co((— A)™) = 0. 

Proof. We just have to show that the operator A (8) Id^s extends to a closed operator which 
has a bounded i7°°(S(j)-calculus in LP(M'^,^*) for each o" > 0. Since l'^ is a UMD-spaces, this 
is a consequence of the vector- valued Mikhlin Multiplier Theorem. This is shown in detail for 
m = 1 in [32], Example 10.2 b). □ 

Indeed, very large classes of differential operators have an 7?.s-bounded //°°-calculus in L^, we 
refer to [31]. The central tool used there are generalized Gaussian estimates. 



□ 




V(^G/7o°°(S<x) : ns{v{A))<C\\^ 
Then (1)^(3)^(2) if a > a', and (2)^(1) if a' > a. 




4. Generalized Triebel-Lizorkin spaces 



In this section we fix s G [1, oo], and A will always denote an T^s-sectorial operator in X with 
dense domain and dense range, where X is a ocmplex Banach function space with absolut 
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continuous norm. 



We turn to the central topic of this paper and introduce associated homogeneous and inho- 
mogeneous s-intermediate spaces 

4.1. Definition end elementary properties of the spaces and j^. For each 

cr G (0, vr] and 6* G M let 

:= W G ^^(S.)\{0} 1 z ^ z-'^{z) G ^o"(S<x)}. 
For the discrete counterparts we define the subset 

:= {if G I z ^ z-V(^) e ^a,o}- 
Note that (^„ ^ ^cr',e' and <I)^g >— )■ <I)^, g, for a > a' and 6* > 6' . 

Definition 4.1. Let G M, s G [1, oo] and a > uj{A). For 99 G we define the corresponding 
s-power function norm as 



/ \t-^ ^{tA)xY —) forallxGX (4.1) 

JO t / X 



(with the usual modification if s = cxd). Moreover, for ip G ^'^q we define the corresponding 
discrete counterpart as 

V \2-^%{2^A)x\'\''' for all X G X (4.2) 



\-^\\9,s,A,tp •" 



(with the usual modification if s = 00). 
Finally we define the space 

^'i,A,v := {x G X I ||x||e^s^^^^ < 00}. 
We will show that || • defined by (|4.ip actually defines a norm on Xf The mapping 

J : ^ X{Ll),x^ (t-V(t^)x),>o 

is linear, and ||x|[0^s^yi^^ = ||^a^||x(Lj) foi' all x G ^f^^^ by definition, hence we only have 
to show that J is injective. Let x G Xf^^ with Jx = 0. Define p[z) := z/{l + z)"^ and 
c := C/o(OI</'WI'f > 0. and let ^ -'^W, then V G i^o"(5^<x) and ^{t)^{t) = 
c /o°° /'(^) 1*^(^)1^ T ~ ^- Since (it/t is a translation invariant measure on the multiplicative 
group (0, 00) this yields 

'4){tz)ip{tz) — = 1 (4.3) 



t 

for all z G (0, 00), and by analytic continuation and the identity theorem for analytic functions, 
(|4.3p is also true for all z G So-- By functional calculus we obtain 

dt 

ipitA) ip{tA)x y = 0. 

=0 a.e. 

By the preceding section we have the important issue that the s-power function norm || • ||6»,s,yi,v5 
does not depend on ip in the following sense: 
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Proposition 4.2. Let € M, o" > uj-ji^^A) and ip^ip ^ ^a,e- Then there is a constant C > 
such that for all x G /^(A^) and f G 

(1) \\x\\e,s,A,ip < \\x\\e,s,A,ip < C\\x\\e,s,A,^, 



(2) 



'yS,A,ip 



< c 



',s,A,ip- 



If ip^ijj G ^^Q) then we have in addition 



(3) 



\s,A,ip 



< \\x\ 



,A,tp 



<C\\x\ 



',S,A,ip! 



and (1), (2) also hold for the discrete counterparts 

II • ||6»,s,A,i/)- 



',s,A,ip^ 



W,s,A,ip 



instead of 



\e,s,A,ifi! 



Proof. We apply Proposition 13.91 with (p{z) := z ^(p{z) and ip{z) := z ^Tpi^) instead of 93,^ 
and choose the constant C > as given there. Let x G D{A^) and / G H°°{i:„), then: 



ll/(^)^lk. 



s,A,ip 



< c 



ip{tA)f{A)x\' - 
\i>{tA)A^x 



l/s 

X 

dt\^/^ 



\fiAmtA)A'x\ 



t 



X 



t 



X 



C 



\s,A,i> 



(with the usual modification if s 
Propositions 13.141 and 13.151 



00). This shows (1) and (2). In the same way, (3) holds by 



□ 



The central objects are now the following normed spaces: 



(1) x: 



s,A,ifi 



endowed with the norm 



\x 



X + 



\9,s,A,ip 



if > 0, 



(2) A v3 ^ completion of the space ^ ^ endowed with the norm || • ||e,s,A,(^- 
We will see in Proposition 14.51 below (based, of course, on Proposition 14. 2p that these spaces 
are independent of ip in the sense that different (/? G ^rj^ lead to equivalent norms, hence 
we shall drop in notation, and the space will be called the associated inhomogeneous 

s 'intermediate space, and the associated homogeneous s -intermediate space. Later we will 
also call these spaces the associated generalized Triebel-Lizorkin spaces, when it is clear that 
this notion is justified. Definition (1) would also make sense for < 0, we leave out these 
spaces from our considerations, since they appear to be quite unnatural. In fact, even for 
^ = these spaces are delicate, since they are forced to be embedded into X, which might not 
be natural, if one looks at the concrete examples of classical Triebel-Lizorkin spaces. 



As usual, the homogeneous space is somehow closer related to the operator A, but has a more 
complicated structure, since e.g. it is in general not embedded into X. Nevertheless many 
properties of homogeneous spaces can easily be carried over to inhomogeneous spaces: if A 
is invertible, then -'^f^ — X^g a for > 0, see Proposition 14.121 below. We thus start with a 
detailed study of the homogeneous spaces. 

The following is an important density property. 

Proposition 4.3. Lei (9 G M, m G N with m > \e\ and a > oo-Rsi^)- Then L>(A™) n i?(A'") 
is a dense subset in X^ ^ ^ for all ip G $o-,e- 

Proof We wiU show first that L>(^'^) n ii(A™) C X^^^^. Let x G L»(y4™) n i?(A™) C D{A'^). 
Choose e > such that e < m — \6\. Let (p{z) := ^-^^^^m and ip±{z) := ^^^-^tl , then ip G 
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and ipeH^iT.^), and 

t-^ip{tA)x = t'^^tAr^^^ip{tA)x = t'^'i)±{tA) for all t > 0. 
Hence we obtain (with the usual modification if s = oo) 



',s,A,ip 



< 



{*) 
< 



\f^-{tA)x\ 





r 












1/s 




f) 




+ 






/•oo 


+ 










1 



\t'''7p+{tA)x\ 



dt 



1/s 



I' '-I t 



1/* 



— \\x\\x < oo, 
se 



where we used in (*) that the operator set {tp±{tA) 1 1 > 0} is T^^-bounded. This shows that 
D{A"^) n R{A"^) C ^ ^ for the special cp we have chosen, and by Proposition 14.21 this is also 
true for arbitrary (p G <^„^e since ^(A'") n C ^(A^). 



Now we define 



then by Proposition 14.21 all the spaces X^ ^ ^, where G ^aj7j^(A),e) coincide and have equiva- 
lent norms. Hence D{A^) n R{A"^) is dense in all ^ ^, p> G ^uj-jz {A).e if it is dense for some 
if G ^>aj7j,(A),ei SO we may assume that ip{z) = -jjf^^, hence if G ^>^g. Let X_^'^^^^ be the 
completion of D{A"^)r\R{A"^) with respect to the norm || • \\^^ ^ ^. Then again by Proposition 



72\ (3) we also have X^ = X^'j^ with equivalent norms, so it is enough to show that 



^s,A,ip 



Let X G Xf^j^^^ and define Tn := n{n + A~^)~'^n{n + A)"^ = A{^ + A)"^n(n + A)~^ for ah 
n G N. Let Xn ■= T^x G n R{A"') for aU n G N, then it is well known that x„ ^ x in 

X for n — )• oo. 



We consider the case s < oo first. Let e > 0, then since x G ^ ^, we can choose G N such 
that 

\2-^'^ip{2^A)x°^^^' 

\j\>N 



X 



< e/2. 



Let Kn := ^ 2 •'^||(/9(2-'yl)a;||x, then we can choose no G N such that iTjv • — < £/2 

\j\<N 

for all n > no- Let n > uq, then 



1/s 



X 



+ ||( E i(7r-M)2-^-V(2^A) 
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1/s 



\j\<N 



Xri. X ) 



X 



+ IK E |2-''V(2^'^)^ 
lil>A^ 



l/s 



< 2~^'\\ip{2^A)x\\x-\\xn-x\\x 

\j\<N 



+ IK E |2-^'V(2^'^) 

\j\>N 



X ' 



X 

l/s 



X 



< e 



for all n > no, where we used in (1) that £^ ^ f/ and that the operators T^,n £ N are 
7?.5-bounded. So we have ||x — ^ ^ — for n — > oo. 

Now consider the case s = oo. Let e > 0. Then again, since x € ^ ^ and X has the Fatou 
property, we can choose € N such that 



II sup|2-JV(2^^)xj - sup \2-^'^ip{2^A)x\\\ <e/2, 

j£Z \j\<N 

and we can proceed as in the first case by using the estimate 



\x Xn\\o,oo,A,ip 



sup|2"-''V(2^^)x| 



\x 



< sup|2~-'V(2^^)x| - sup |2~^V(2^^)a;[ L + sup \2-^'^ip{2^ A)x\\\ 
jez \j\<N \j\<N 

□ 

Of course, Proposition l4.3l implies an analogous density property for the inhomogeneous spaces: 

Corollary 4.4. Let 9 > 0, m £ N>0 and a > ujnsi.A). Then Z)(A"^) n is a dense 

subset in X^ for all ip € ^cT,e- D 

With these density properties we can extend the norm estimates from Proposition 14.21 to the 
whole spaces Xf^^^^. 

Proposition 4.5. Let G M, u > ujti^{A) and 93, V' £ ^a,e- Then there is a constant C > 
such that for all x e X^ ^ ^ and f G H°°{T,„) 

(1) \\x\\e,s,A,f < lkl|6»,s,A,i/) < C* ll2;||6»,s,A,^; 

(2) \\f{A)x\\e,s,A,:fi < C ll/lloo • \\x\\e,s,A,v 

In particular, for each ip,ip £ q the spaces X^ ^ ^ and ^ ^, have equivalent norms, and if 
(p G ^^0, then also \\ ■ is an equivalent norm on X^ , and (1),(2) also hold for the 



discrete counterpart 



\9,s,A,ifi 



instead of 



',s,A,(p- 



Finally, if > 0, then all statements are also true for the inhomogeneous spaces X^^^ 



the inhomogeneous norms \\ ■ \\x + 



9,s,A,ip 



and 



X + 



9,s,A,ip 



, respectively. 



with 
□ 



Hence we will usually drop the ip and sometimes A in our notation of the spaces X^ ^, X^ ^, 
if there is no risk of confusion. Moreover, if ^ G M, o" > ujti^{A) and ip G ^^,9 (or ip G ^^q, 
respectively), we will write 



\t^'^p{tA)x\ 



dt\^/s 



t 



X 



\2-^^ip{2^A)x\ 



l/s 



X 
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to indicate that || • Wq^s is any of the equivalent norms || • lle,^,,/,, ^ ^afi (or || • ^, ip & ^aO^ 
respectively). 



Remark 4.6. It is well know that the related norm 

X ^ \\x\\x + 



1/. 



(4.4) 



(with the usual modification if s = oo), where X is a general Banach space and A is an 
injective sectorial operator in X with dense domain and range, are equivalent to the norm of 
the real interpolation space {X, D{A))q s if 9 € (0,1), cf. [23], Theorem 6.5.3. By Remark \3.1b\ 
we obtain in a similar way as it is done above that also the discrete counterparts 

X ^ \\x\\x + ||2-^'V(2^A)x||3,)'^' (4.5) 

( with the usual modification if s = oo) define an equivalent norm for the real interpolation 
space {X,D{A))g^s if ^ (0,1) and ip G 

If > and (fi € ^^^g for some a > u-ji^^A), we observe that by T^^-boundedness of 
{(p{tA) 1 1 > 0} we have 



|t"V(*^)^l - 



X 



< 



t-^x 
1 ' t 



This leads to the following 

Remark 4.7. Let 9 > and ip G <I>o-,6» for some a > LOfi^{A). Then 



X' 



and X I— > |[a;||x + 



A,s 
1 



x£X 



It^" ip{tA)x\ 
* 



X 



< oo 



t''^ip{tA)x\ 

* 



dt\^/s 



X 



defines an equivalent norm on X^ ^ 



□ 



The next proposition describes some elementary embedding properties. 

Proposition 4.8. Let 9,9' ^M. and r G [l,oo]. Then the following embeddings hold: 

(1) If r < s and A is also IZr -sectorial, then ^ and ^ X^ ^ if 9 > 0, 
respectively. 

(2) If9'>9>0, then Xj^ ^ ^ X. 

Proof. (1) This follows immediately if we use the discrete norm representation in the spaces 
^Ia^^Ia and the fact that r ^ . 



(2) This is an immediate consequence of Remark 14.71 



□ 



Also the homogeneous spaces X^ can be embedded into some natural extrapolation spaces 
associated to A. A suitable framework is the theory of abstract extrapolation spaces as it is 
developed in [23J, Chapter 6.3. We will give a short summary of those parts of the theory that 
we need here. 



29 



Defining tlie operator J := A{1 + A)~'^ : X ^ X, one has JX = D{A) n R{A) ^ X, and J 
is a topological isomorphism. The operator J gives rise to a scale of extrapolation spaces 

^X = X(o) ^ X(_2) • • • • • • 

where X^i^j := D{A) R{A), together with a family of (compatible) isometric isomorphisms 
Jn '■ ^(-n) ~^ ^(-n+1) sucli that Jq = J. The algebraic inductive limit U := UneN -^{-n) 
called the universal extrapolation space corresponding to A. This space can be endowed with 
a notion of net-convergence in the following sense: Let {xa)aeA be a net in U and y G U, then 

Xa ^ y ■ ■^=^ 3 n G N, ao £ ^ : (Va G A>ao '■ y,Xa ^ X^n) A \\xa — y\\ — )• 0. 

Then the limit of a net in U is unique, and sum and scalar multiplication are "continuous" 
with respect to the so-defined notion of convergence. Since the operator J is defined on each 
space n € N, it can be considered as a mapping J : U ^ U, which then is obviously 

surjective, whence it is an algebraic isomorphism, continuous with respect to the notion of 
convergence defined above. 

In fact, the construction of the space U and in particular the notion of convergence in U 
is only an ad-hoc construction, which is suitable to make formulations easier: For example, 
convergence in the space U is convergence in the space X^_^-j for some m € N, and in the 
same manner arguments made in the space U always have to be understood to be made in 
the space for some m € N. 

The operator A can also be lifted to the scale of extrapolation spaces and the space U: We 
define 

Af^^i) := J~^AJ with domain := J~^D{A). 

Then A is an injective sectorial operator in ^(-i) that is isometrically similar to A. Moreover 
^(1) C D{A(^_i'j) C and A is the part of ^(-i), i-e. 

A = yl(„i) nix X X) = {{x, A(_i)x) I X, G X}. 

Iterating this procedure leads to a sequence of isometrically similar sectorial operators ^(-n) 
in ^(-n) where ^(-n) is the part of yl(_„_i) in ^(-n) • Thus A can be considered as an operator 
on the whole space U. 

The concept of functional calculus can be extended to this framework: Let a S {u}{A),tt] 
and / € ^{T,^)- Then the operator f{A) can be considered as an operator in each 
and we have consistency in the sense that /(^(-n-i))|X(_„) = /(^(_n)) for n € N. To be 
more precise, if we choose m € N such that p™/ G S{T,fj), where p(z) = z/(l + z)-^, then 
f{A) : ^(-n) ~^ ^(-n-m) is bounded for each n S N. Hence f{A) can be considered as an 
operator on the space U, and we have the following important lemma. 

Lemma 4.9 ([23], Lemma 6.3.1). Let a G (w(A),vr) and f € 5S(S„). Then D{f{A)) = 
{x G X \ f{A)x € X}, i.e., the operator f{A) considered as an operator in X is the part in X 
of f{A) considered as an operator in U. □ 

Finally we define for each a G M the homogeneous fractional space 

Xq. := A~'^X endowed with the norm || • ||a := || ' |lx 11^" ' 11^' 
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where A ° has to be understood in the sense of Lemma 14.91 and the preceding remarks. 

We can now give a concrete description of the homogeneous s-intermediate spaces as subspaces 
of the abstract extrapolation space U. 

Proposition 4.10. Let 6* G R. Then 

= {x G [/ 1 \\x\\e,s,A < oo} ^"^^(-1) 

Proof. For brevity we drop A in notation of norms and spaces for this proof. Define the 
auxihary space 

X^ := {x & U \ ||2;||6»,s < oo}, endowed with the norm || • \\e^s- 

We start by showing the embedding X^ ^ A''^Xi^_iy Choose a G ((^7^^ (A), vr] and ip G ^C7,e- 
With ^{z) := z~^if{z) we have ip G $o-,o ^-^d 

^{tA)A^x = {tA)-%{tA)A^x = t-%{tA)x for aU x G D{A^),t > 0, 

hence A^ is an isomorphism from X^ to X^ and we may assume w.l.o.g. that = 0. Let x G C/ 
with ||x||o,<j,(p < 00. We argue similar as in the proof of Proposition 13.91 We choose a function 
ijj G H^{T.^) such that Lp{t)ilj{t)^ = 1 and conclude by the same techniques as in the 
proof of Proposition 13.91 that 

dt 

tp{tA)il){tA)x — = x in [/, 

i.e. the integral is taken in the extrapolation space for some m G N. Let p{z) : = 

z/(l + z)^, choose uj G {uJii^{A),a) and let F by the usual parametrization of (9Sa;- Using 
functional calculus and Fubini-Tonelli yields 

f°° dt f°° 1 f dz dt 

p{A)x = / p{A)p{tA)ij{tA)x - = — p{z)^l^{tz)zR{z,A)ip{tA)x — - 
Jo t Jq im Jy z t 

piz)zR{z,A) / tlj{tz)ip{tA)x ■ 



27ri Jr \Jo ^ 

' V 

=:u{z) 

By Holder's inequality we have 

Hz)\ < { / mz)Y -\ U \ip{tA)x\'^j 



C{z): = 

where C := sup2grC(z) < 00 since ij: G H^iTiu). Since also p G H^lTi^j) and M :- 
sup^gs^ ||2;i2(z, A)|| < cxo we obtain Jx = p{A)x G X, hence x G with 

= \\Jx\\x = \\p{A)x\\x < ^ f \p{z)\\\zR{z,A)\\x ■\\Hz)\\\x^'^'^^ 



CM \dz\ 
\p{z)\ 



< 

^ 2tt /r " ' " \z\ 



HtA)x\' - 



z\ 

dt\'/' 



X 



as desired. 
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We now show that (Xf , || • \\e,s) is a Banach space. Again, we may assume w.l.o.g. that ^ = 
and choose ip{z) := + to calculate the norm in X^. Let {xn)neN £ (^s)^ t)^ a Cauchy 
sequence. Then by the already proven embedding ^ "^(-i) '^^^^ ^^^'^ an x € ^(-i) with 
x„ — )■ X in X G hence also ip{tA)xn — > ^{tA)x in X for n — )■ oo, since by the special 

choice of (p we have (p{tA) G L{X(^_i^ , X). On the other hand, {(p{tA)x)tyo is a Cauchy sequence 
in the Banach space X{Ll), hence we can find an F € X{Ll) with (p(-)Ax — t- -F in X(L^). 
We may assume w.l.o.g. by possibly choosing subsequences, that also ip{-A)xn ^{-A)x and 
ip{-A)xn F pointwise a.e. for n — )• oo. Thus we obtain Lp{-A)x = F £ X{Ll), hence x G X^, 
and \\x — x„||xo = — F\\x(Li) — )• for n — )• oo. 

Since X^ is a Banach space and trivially X^ C Xg, we also obtain Xf C X^, and it only 
remains to show the other inclusion X^ C X^. But this can easily be seen by a density 
argument, since for sufficiently large m G N we have again that D(A'^) r]R{A'^) is also dense 
in the space Xg . This can be proven in the same way as it is done in the proof of Proposition 

□ 

-'^(-i) where we use a correspond- 



We sketch another possible proof of the embedding X^^ 
ing result for the so called Mcintosh- Yagi spaces from 



Proposition 6.4.1.: 



With the notations of the above proof we obtain with [23], Proposition 6.4.1 b) the estimate 

< C ■ sup\\ip{tA)x\\x- 



Since A is sectorial, by similar arguments as used in the proof of Proposition 13.141 (cf. also 
Remark 13. 16p we obtain 

sup = sup sup ||(/3(2''t^)x||x ~ sup ||(/9(2''^)x||x ^ II sup |(/7(2-'74)x| ||x 

t>o jezte[i,2] jez jez 

1^ \ip{tA)x\'j 

With the aid of Proposition 14.101 we can deduce a close relationship between the homogeneous 
and the inhomogeneous spaces: 

Corollary 4.11. Let 6 > 0, then X^ ^ = X^ ^ n X with equivalent norms. 
Proof. This follows immediately from Proposition 14. 10] since 



< 



X 



X\ 



s,A 



{x e x \ \\x\\g^g^A < oo} = xl j^r\ X. 



□ 



There are more relations between homogeneous and inhomogeneous spaces if A is invertible. 
Moreover, the inhomogeneous spaces do not change if A is replaced hy A + e for some e > 0. 
This is contained in the following 

Proposition 4.12. Let s,6 > 0. 

(1) IfA-^ G L{X), then X^^ ^ X^^, 



(2) X[ 



,e+A — ^s,A- 



In particular we have = X^ 
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Proof. (1) Assume that A ^ £ L{X). Choose a G (w7^^(^), tt) and ip G and let x £ X. By 
, Proposition 6.5.4 we obtain 



\x\\x < 



[t-%{t A)x)^^ J ^^^^^= sup \\t~'ip{tA)x\\^ < sup|||2-^^V(2^'^)x|||^ 



t>o 



< ||sup|2--''V(2^'A) 



X 



where (*) can be seen by analogous arguments as in the proof of Proposition 13. 14] for the case 
s = oo, where in this case we just use the sectoriality of ^. If s < oo we can proceed with the 
embedding i'^ 

l/s 



\x\\x < ||supl2--''V(2^'^)x|||^ < IK J];|2--''V(2^'^)5 



X 



\x\\e,s,A^ 



since ip G ^^g- So we obtain 

Ikllx* . ^ II^IU + < lkl|e,s,A, 

s,A 

hence || • \\0^s,A is an equivalent norm on the Banach space ^ which implies ^ = X^ ^. 

(2) Choose a € {oJ'r,s{A)j'^) ^iid m G N with m — 1 < 9 < m and define ip{z) := (pm{z) : = 
z"^/{l + z)"^, then ip G ^>o-,6», and for all t > we obtain 

ipir^A) = + t-^A)-"^ = A'^it + A)-"^. 

We will first show the embedding X^ ^ A' ^° ^ -^s A+e' Then by Remark 14.71 we 
have 



m\x\ 

s.A 



mix + 



and 



l/s 



X 



j\t-%{tA)x\^^l^ 

f \t'p,it-'A)x\^^y 
\t^A"'{t + A)-"'x\'j] 
(^J^ \t'S{t){e + Ant + e + A)-'^x\'j^ 



l/s 



X 



with S{t) := (t + e + A)™(e + + A)"'", hence 

= [{t + e + A){e + A)-^A{t + A)-^Y'=[A{e + A)-\t + e + A){t + A)-^Y' 
= [A{e + A)-\l + e{t + A)-^)]"^ = [A{e + A)-\l + | • + A)-^)^ . 

Since A is T^^-sectorial, the range 5([l,oo)) is also T^^-bounded, hence by Proposition 12.12] 

l/s 







1 rlf\ 

\t-'ip{tA)xYj 



X 



< 



{t^e + Ant + e + Anxl'j 



|t^5(t)(e + Ant + e + j 



l/s 



X 
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and we obtain 



\x\\xe « 



x\\x + 
^ \\x\\x + 



£ \t-MtA)x\^j) 



l/s 



\r'^^{t{A + e))x\ 



.dt 



l/s 



~ II^IIy" 



We now show the reverse embedding ^ A+e^ ^ ^ -^s A- Then for alH > we 

have 



and 



Sk(t) = t^'-^t + e + A) 
t 



-{m—k) 



■Skit) 



{t + A)\t + e + Ay 



t + e 



■ (t + e){t + e + A)-^ 



m—k 



t + e 



(t + e)(t + e + A)-^ +A{t + e + A)'^ 



This shows that also {Sk{t) 1 1 > 0} is T^^-bounded for each k G (No)<m) hence 



£r'mA+s))x[^^^ ' 

\t^ «fc • Skit) ■ + A)-''x\' — 

k=0 

fc=o ^-^1 * 

< J2 ( r\t'-^"'-'^-A''{t+Ar''x\'j) 

k=o ^-^^ ^ 



/oo 
|t^(^ + £r(t + £ + A)-"*x| 



t 



l/s 



k=0 

m-2 

< "Y \\x\\e-k,s,A + 

k=0 



+ 



Jo 



l/s 



By the choice of m wc have a := m — 6 > and (3 := 6 — (m — 1) G [0, 1). If m = 1, then 
/3 = 9 G {0, 1), and we define S := (3. If m > 2, then /3 € [0, 1 A 9), hence we can choose 
6 G A 9), and in both cases we obtain 6 G (0, 1) n [P,9] . Then we can continue the 
estimate to 



\t-o^{t{A + e))x\^^ 



k=o ^-^0 



T) 



l/s 



+ 
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m-2 

< ^ \\x\\9^k,s,A + lk||<5,s,A + {asy^ \\x\\x, 
where we used (fm-k € ^a,e-k for k G (No)<m-2 and ipi £ ^a,6- So we also have an estimate 

l/s 



\x\\ v-e ~ \\X\\x + 



X 



m-2 

< 



rs. ,\x\\x + ^ \\x\\e-k,s,A + lkll5,s,A- 



A;=0 



By Proposition 112] we have embeddings ^ ^ X^'^ for aU k £ (No)<m-2 and X^ ^ ^ X^ ^ 
by our choice of 5, hence also 

m-2 

II^IIy* ^ / ll^ll vs-fc + ll^^ll ^II^^IIy" ■ 

k=0 

□ 

We now consider, as a standard example, the Laplacian in the space LP(R'^). 

Proposition 4.13. Let m,d € N and p,s € (l,oo), and let A := (—A)™ be the m-th power 
of the Laplace operator in LP{R'^) with domain D{A) = W'^"^^^ {R"^) . Let (9 e M, then 

and if 9 > 0, then also 

Xl^ = F^f{R'^) 

with equivalent norms. 

Proof. Choose a £ (0,7r/2) and k G and define ^p{z) := z^e~^^^"^ for all z G So-. Then 

G ^o6»' hence f is suitable to calculate the norm in X^ ^, and also in X^ ^ in the case ^ > 0. 
On the other hand, if t > and r := t^/™, then 

ip{tA)u = t'^(-A)'='"e(*'^'"^)'u = i-rAf "'e'^u for ah u € S'^. 

Thus [43) Corollaries 3.3, 3.4, show that || • is also an equivalent norm for the ho- 

mogeneous Triebel-Lizorkin space ivT^i ^^'^ ^^^^ > 0, the norm || • || v-e is an 

equivalent norm for the inhomogeneous Triebel-Lizorkin space Fp^^ . Hence the result for the 
inhomogeneous spaces is immediate, and for the homogeneous spaces it follows from density, 
since D{A^) n R{A'') C F^^'^{R'^) is a dense subspace of F^^'^{R'^), and on the other hand it 
is also dense in ^ by Proposition 14.31 □ 

As already announced, Proposition 14.131 justifies to call the s-intermediate spaces the gener- 
alized Triebel-Lizorkin spaces associated to A. 



Let us finally mention the correspondence of the 
ators to the so called Rademacher interpolation 
in |24| . we refer also to |40j for the relationship 
[25] . where this interpolation method is studied 
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s-intermediate spaces for 7^2-sectorial oper- 
spaces {X,Y)g, which have been introduced 
with interpolation by the 7-method, and to 

in a general framework in connection with 



Euclidean structures. Then the same techniques as used in the proof of [24) . Theorem 7.4 show 
the following. 

Remark 4.14. Let X he q-concave and p-convex for some 1 < p,q < oo, and assume that A 
is TZ2-sectorial. Then X2 ^ = {X,Xi)g for all 9 € (0, 1) with equivalent norms. 

In fact, the inclusion ^2 A — (^'^i)^ can be shown by similar arguments as in the proof of 
|24) . Theorem 7.4, p. 782, and the other inclusion can be derived by means of duality with 
similar arguments as in the proof of [24J, Theorem 7.4, p. 783f. 

Moreover, the well known fact that having a bounded /7°°-calculus is equivalent to square 
function estimates (cf. e.g |10| . |24j ) can be reformulated in terms of the coincidence of X 
with the space ^2 A- 

Remark 4.15. Assume that X is q-concave for some q < 00 and let A be an TZ2-sectorial 
operator in X . Then A has a bounded H°° -calculus in X if and only if X = ^2^ with 
equivalent norms, and in this case ujh°°{A) = oj-ji^iA). 

4.2. The s-spaces as intermediate spaces and interpolation. We will show now that 
the spaces X^^,X^j^ defined in the previous subsection are reasonable intermediate spaces. 
We will start with the following connection with the real interpolation spaces {X, D{A'^))o,^q. 

Proposition 4.16. Let a > 6 > and l<p<s<q< 00. 

(1) If X is q-concave, then X^ ^ ^ {X, D(A'^))g/^^ij, 

(2) IfX is p-convex, then {X, 'D{A°'))e/a,p ^ X^a- 

Proof. We will only prove (1), since the proof of (2) can be done similarly. Choose a € 
{^'JIs{A)t'^) s-iid ip € ^^0- Then an equivalent norm in (X, ^ is given by 

X ^ \\x\\x + ||(*"VM)a:^)t>ollL9(x)' 
cf. [23) . Theorem 6.5.3. We consider only the case q < 00, the case q = 00 can be treated 
similarly as usual. By analogous arguments as in the proof of Proposition 13.141 using the 
sectoriality of A we obtain 

/ fOO l/<? i/„ 

lirVM)^),>olL^(x) = [I \\t-'^{tA)xrxj) ^{j2\\2-^'^{2^A)xrx 



< M(,)(X).||(j;|2-^'V(2^-^)xr)'^'| 

l/s 



X 



X 



\x\\e,s,A- 



< M(,)(X).||(j;j2-^-V(2^-^> 

where in (*) we used the Fatou-property and the (7-concavity of X (M(q)(X) is the (/-concavity 
constant of X), and in the last inequality we used that i'^ ^ i'^. Hence we also obtain 



\(XMA"))e/c.,, - + IK* V(i^)2;)i>olL^(X) - ll^ll^ + M9,s,A ~ \\x\\xO 



s,A 

□ 



In particular, since X is always 00-concave and 1-convex, we trivially have 
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Corollary 4.17. Let a > 6 > 0, then 

(X, ^ {X, D{A^))g/^^^. (4.6) 

□ 

We can now use standard reiteration of real interpolation spaces, which leads to the following 

Corollary 4.18. (1) Let a > 6 > (3 > 0, then L>(A") ^ X^^ ^ D{A^). 
(2) Let 9q < 9i < a and sq, si € [1, oo] and 6 € (0, 1), then 

(Xfo ^, = (X, Z)(^"))e/a,, With 6:= {I- 6)9o + 59^. (4.7) 

Proof. (1) This is simply due to the fact that by real interpolation theory and Corollary 14.171 
we have 

^(^") (X,Z)(A")),/„,i ^ xIj, ^ iX,D{A'^))e/a,oo (X,D(^"))^/,,i ^ D{AP). 
For (2) we observe that equation (|4.6p from Corollary 14.171 is equivalent to the fact that the 

spaces are in the class Je^/a{X, D{A'^))<r^ Kq^i^{X, D{A°')) for j = 0, 1, hence (2) follows 
from the reiteration theorem for real interpolation. □ 

Next we consider complex interpolation of the s-spaces. 

Proposition 4.19. Let sq,si € (l,oo) and assume that A has an TZsj-bounded H°° -calculus 
for j = 0,1- Let 9o, 9i £R with 

l^oU^iU^o-^il < — , (4.8) 
where cjq := "^T^jg (^) V uj-ji^o (A) < vr. Then for 

:=(l-o)(«„,l)+„(.,l) 

we have [X',;,^. X»; J„ ^ X%, and if 9„,«i > we also have [Xf;„,Xj ,,]„ - Xf,.,. 

We remark that the restriction (|4.8p for the interpolation indices 9j is due to our method 
of proof. It seems not to be clear if this restriction is reasonable or just a matter of lack of 
technique in our method. Observe that in the classical situation of Triebel-Lizorkin-spaces 
where A = — A we have wq = 0, hence the restriction (|4.8p drops out and Proposition 14. 19] is 
consistent with the classical results. 

Proof of Proposition \4-19\ First we observe that if we have proved the result for the homoge- 
neous spaces, then by Proposition 14.12] we obtain the corresponding result for the inhomoge- 
neous spaces, hence it is sufficient to consider the homogeneous spaces. 

According to the assumption on 9q, 9i we can choose < a < /3 < ^ such that 9j € (a — /?, a) 
for j = 0, 1. Furthermore fix some a G (wq, ^) • 

We will show first that we can reduce to the case /3 = 1. If /3 < 1, we can obviously replace /3 
by 1, so consider the case (5 > 1. Since A has an 7^^ -bounded i7°°-calculus, the operator A^ 
also has an 7^, -bounded ff°°-calculus with 

uJTZf (^^) < P^nr (A) < /3a;o < vr for j = 0, 1. 
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Observe that — for 5 € M canonically, since for (f G ^i3a,S a.nd i^{z) ■= fiz^) we 

have ip € ^a.i3S and 



r/^VM)xr f ) 



l/s 



X 

t 



l/s 



X 



X 



\^\\5yS,Af^ ,ip- 



So since the above stated isomorphisms are canonical we can replace A by A^ and then /3 by 1 . 

We define auxiliary spaces 

^'^ := t^\z) := {(a,), G | \\iaj)h.o := || (2-^^a,)i|L. < °°}' 

endowed with the weighted norm || • \\gs,e for all s € [l,oo],0 G M. Then we have for all 
So, si G [1, oo] and 9q, 0i G M and a G (0, 1) 

[X{f^''°),X{e^''^)]^^X{e'') where ^0, 1) = (1 - «) (^q, ^) + ^) , (4.9) 

cf. [6] 13.6(i) and [1], Theorem 5.6.3. 

We show that the homogeneous spaces are retracts of the spaces with canonical (co- 

)retractions and then use |41) . 1.2.4 Theorem and ()4.9p . To this purpose we shall construct a 
coretraction J : X^ ^ and a retraction P : ^ -^f yii i.e. bounded operators 

such that PJ = Id-5>e , which are independent of ^ G (q — 1, a) and s G [1, cxd] such that A 

s,A 

has an T^-^-bounded ij°°-calculus with ojs < wq. 

By the above reduction we have /3 = 1, hence a G (0, 1). We define auxiliary functions 



2 + z' 



1 + z' 



1 + z 



and f{z) := (p{z)'il}{z) 



proved: If a, 6, c > and g{z) := 



(l+z)(2+z) 1+2 2+z 



^ ^ for all z G So-. The following estimate is easily 



{l+az)(l+bz) ' 



then 



a + & 



for all z G 



(4.10) 



We now define the operator Jx := (^ip{2^ A)x^ for all x G X and formally 



AT 



Piyj)j := V V(2^'^)yi := lim V i^{2^A)y, for (y,), G 



Let 6 G (a — 1, a) and s G [1, oo] such that A has an T^s-bounded i?°°-calculus with Ug < wq. 
We show that J\yg : X^ ^ — )- X{£^'^) is a coretraction and P|x(^«.») • X{£^'^) — > is a 

s,A ' \ y ) 

corresponding retraction, i.e. we have to show that 

(1) J\j>g : A ^ X(r'^) is bounded, 

s.A ' 

(2) P\x(^es,0-^ : X(-^'*'^) — > is well-defined and bounded, and 
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(3) PJx = X for all x G 

Ad (1): This is simply due to the fact that if G (this can be shown similar as Example 
[3I3](1)). 

Ad (2): We now use the function p to calculate the norm in the space y^, which is possible 
since also p E ^^q'- 

N 



j=-N 



N 



j=-N 

-k+N 

Y 2''p{2'^A)ij{2'^+'A)yk 



l=-k-N 



< 



Y \2''p{2^A)^{2^+'A)yk, 



< Y ( «up |2X2^.)V'(2'=+Ml) \\{yk^i),\\xiis) <C\\{yk),\\^^es) 



with C := ( sup [2^^p(2^z)^(2'^+^z)| ) . So we only have to show that C < oo, because 
then with the Fatou property we obtain 



For this let 



a^z) := p(2«z)V(2^'+^z) 



cz 



(l + az)(l + 6c)' 

where a := 2^5 := 2^=+^ and c := a^b^"" = 2°'=+(i-°)('=+^) = 2'=+(i-")^ then by mm 

^1 



a + 6 



For £ G No this implies 2'^^\g{z)\ < 2-(°-^)^, and for £ G -N we have 2'^'^\g{z)\ < 2-(^+i-°)l^l, 
hence altogether with 6 := min{a — 9,(9 + 1 — a)} > 0: 

sup |2^V(2'=z)V(2'=+^z)| = sup \2^%{z)\ < 2-'^l^l for ah £ G Z, 
< ^ 2^'^l^l < cxD as desired. 
v4(i (3): Let x G ^, then 



N 



Y il^{2^ A)(p{2^ Ay. 

j=-N 



N N 

Y f{2^A)x= Y (2~^'(2"^' + A)x-2-(^'-i)(2-(^'-i)+^)i 

j=-N j=-N 

^ _ 2^+1(2^+1 + A)x - X = X in 
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since the part of A in is sectorial (cf. Lemma 14.241 in the foUowing subsection). 

Since the operators J,P are appropriate (co-)retractions, the claim follows by [41], 1.2.4 The- 
orem from (14.911. □ 



We conclude this subsection with a variant of the interpolation property for the s-intermediate 
spaces. 

Proposition 4.20. Let 9 £R and m G N with m > \9\, and let T G L{X) be TZg-bounded. If 
T{D{A"^) n C n RiA"^), then T G L{Xl^), and if 9 > and T(D(A")) C 

DiA"^), thenT e L{XIj^). 

Proof. This is an easy consequence of Proposition 13.91 and Proposition 14.31 □ 

4.3. The part of A in its associated Triebel-Lizorkin spaces. We fix some 6* G R. Recall 
that we can extrapolate the operator A to an operator in the universal extrapolation space U 
such that A is sectorial in each extrapolation space X(^_^^ , m G N. 

Observe first that the operators A"' shift the scales of associated s-spaces in the following 
sense. 

Lemma 4.21. Let a G M. Then A°Xf coincides with X^^ in the set-theoretical sense, and 
the operator A" ( defined on U) induces a topological isomorphism 

If in addition 9 > aV 0, then also the operator (1 + A)" induces an isomorphism 



(i + Ar-.x'^x: 



a 

s,A ■ 



Proof. Choose a G (1^7?,^ (a) ) ^"^^ £ ^afi-a such that 'iIj{z) := z°'ip{z) defines a function in 
£{Tia), then tjj G ^afi- Let x G X, then 



\A'^x\ 



e-a,s,A 



X 



X 



3; 6»,s,A, 



hence ^"x G X^J ^ x G Xf^^, and A^ : (Xf^^, || • |Ie,.,A,^) ^ (Xf J, || • \\e,s,A,^) 
is an isometric isomorphism. Since X^^~^ is dense in X^g~^ for 7 G {0, a} this also yields 
A'^x G X^g~j\^ X G X^ ^ for all a; G J7 and that A" induces a topological isomorphism 

A-:Xl^'^Xl/. 

If in addition > a V 0, then X^^ = X^^l^i for 7 G {0, a} by Proposition 14.12] and we can 
apply the first part for 1 + A instead of ^. □ 



Definition 4.22. Let Aq g := A-^e be the part of A in X4 and Aq g '■= Aye be the part 

' A,s ' ' A,s 

of A in X^ g it 9 > 0, respectively. 

Remark 4.23. The spaces X^ ^, and X^^ if 9 > 0, respectively, are invariant under re- 
solvents of A, I.e. i2(A,^)X^ 3 C X^^^, and if 9 > then i?(A, A)X^_^^^ C X^_^^^, 



re- 



spectively, for all A G C\Sct and a G (a;7^^(A), vr). In fact, it is sufficient to show that 

40 



XR{X, A)Xg C To see this we let x G ^f^i and choose a G {'^TisiA)^'^) o,nd 93 G $o-,e, 

then 

\\\R{KA)x\\e^sA ~ ||(Ai?(A,A))t-VM)a;)t>o|U(i.) < M7^,,<,(A) ||(t-V(t^)3;)t>oL(ij) 

~ lklk,s,A 

for all A G C\So-, since i/ie sei {zR{z,A) \ z G C\So-} is TZg-hounded. □ 

By Remark 14.231 we obtain the following elementary properties of the operators Ag g^Ag^g. 

Lemma 4.24. The operator Ag^g is an injective sectorial operator in of type uj{Ag^g) < 

ujti^{A) with D{Ag^g) = X^ f] X^^ . If 9 > 0, the operator Ag^g is an injective sectorial 
operator in X^ of type uj(Ag^s) < ujfi^{A) with D{Ag^s) = X^~^ . 

Moreover, if m ^ ^>\e\j then D{A^) ni?(^'") is a core of Ag^g, and of Ag^g in the case 6 >0, 
respectively. 

Proof. It is well know that the statements of Remark 14.231 imply the asserted sectoriality 
properties, so we only have to verify the statements concerning the domains. But this follows 
immediately from Lemma r4. 211 with a = 1. The final assertions follows from the approximation 
result that is also used in the proof of Proposition 14.31 □ 

Combining Lemma 14.241 with Proposition 14.51 we immediately obtain the final main result of 
this paper. 

Theorem 4.25. (1) The part Ag^g of A in X^ j^ with domain D{Ag^g) = n Xf J^^ has 

a bounded -calculus with ujH°°iAg^g) < uj'ji^{A). 
(2) Let > 0. If A^^ G L(X) or A has a bounded H°° -calculus in X , then the part 
Ag^g of A in with domain D(Ag^g) = X^^ has a bounded H°° -calculus with 

UJH^{Ag^g) < uj-jiS^)- 

□ 

As we already noted in the introduction of this section, Theorem 14.251 can be seen as a 
variant of Dore's Theorem that states that an invertible sectorial operator A in a Banach 
space X has a bounded i?°°-calculus in the scale of real interpolation spaces {X, D{A))p^g 
for p G [l,oo],0 G (0,1), cf. [13| and |14) . and also the extensive treatment using functional 
calculus which is given in [23], Chapter 6. 

5. Concluding remarks 

1. In the last decade, the notion of vector- valued Triebel-Lizorkin spaces Fp^g{E), where E is 
a Banach space, has become of greater interest e.g. in connections with regularity theory for 
Cauchy-Problems in an U'-L'^ setting with p ^ q (cf., e.g. |11|). We note that the techniques 
developed in this article also work in vector-valued settings, i.e. one can replace the scalar- 
valued function space X by a vector- valued function space X{E). In this case one has to 
replace the (pointwise) absolut values by pointwise norms | • For example, the notion of 
T^s-boundedness has to be replaced by 7^s(ii^)-boundedness in the following sense: 



l/s 



Y.\t^^^e) ^<|KEni^) ^- (5-1) 



X 

3=1 3=1 
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l/s 



In the same manner, the notions of T^s-sectoriaHty, -bomided /f°°-calculus and s-power- 
function norms have to be modified. Then ah conclusion in this article are still true, except 
the connection of 7^2(-£')-boundedness and 7^-boundedness: This will fail in general unless 
£^ is a Hilbert space. If £" C M{i}, Jl) is itself a Banach function space with absolut con- 
tinuous norm, there is also a second possibility to adapt the theory of this article. In this 
case, the space X{E) can be canonically identified with a scalar- valued Banach function space 
XE C M(r2 X i}, n iSi Jl) via the identification oi x : Q ^ E with a measurable function 
X : ri X O — 7> K, and the theory of this article can be applied by replacing the space X by XE. 
In this context it is important to note that then 7^^ (£')-boundedness in the space X{E) will 
in general not coincide with T^^-boundedness in the space XE. 

2. As already mentioned in the introduction, for Schrodinger operators H = —A + V with cer- 
tain potentials V, a similar concept of generalized Triebel-Lizorkin spaces is developed in |37) 
and |47) . where also generalized Triebel-Lizorkin spaces associated to Schrodinger operators 
are defined and studied. The definition given there differs from our definition and is closer to 
the original definition of Triebel-Lizorkin spaces via a Littlewood-Paley like decomposition. 
In particular, the fact that the considered Schrodinger operators are self-adjoint is essential, 
since the auxiliary functions used to define the spaces are in the class (M) . In contrary, our 
concept is more general in the way that we can handle also sectorial operators with non-real 
spectrum. Nevertheless, although we do not study this here, we are convinced that the gener- 
alized Triebel-Lizorkin spaces introduced in |37| for Schrodinger operators coincide with our 
notion of s-intermediate spaces, at least, if the negative part of the potential is in the Kato 
class. A proof could be based on suitable modifications of the methods in [29], Chapter 4.4, 
where only the case s = 2 is treated in connection with Littlewood-Paley decompositions. 
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